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PREFACE TO THE SECOND EDITION. 


Since the issue of the first edition, in 1911, our knowledge of 
transients has greatly increased, and many of the phenomena, 
especially those of double energy transients and compound cir- 
cuits, have been observed and studicul on transmission systems to 
a considerable extcunt, and liave corroborated the oscillographic 
records givcm in the previous edition. 

Ck)nsidera})le work has l)een done on momentary short circuits 
of alternators, and the variable component of the self-inductive 
reactance recogni^jed as a transient reactance resulting from tlie 
mutual induction of the armature with thc^ field curcuit. 

Especially in the field of sustaincHl or cjontinual, and of cumu- 
lative oscillations, a large amount of infonnation has l)een gathered. 
The practical importanen^ of these continual and cumulative oscil- 
lations lias IxHUi strongly im|)ressed upon o])(Tating and designing 
engineers in recent years, usually in the most disagrcnuible manner 
by th('. destruction of higli power, high voltage transformers. A 
chapter on these phenomena has tliercvfore Fieen added in the 
second edition. 


February, 191 4^ 


CHARLES P. STEINMETZ, A.M., Ph.D. 




PREFACE TO THE FIRST EDITION. 


In the following I am trying to give a short outline of those 
phenomena which have become the most important to the elec- 
trical engineer, as on their understanding and control depends the 
further successful advance of electrical ('iigiiu'ering. The art has 
now so far advanced that the phenomena of the steady flow of 
power are well understood. Generators, motors, transforming 
devices, transmission and distrilnition conductors can, with rela- 
tively little difficulty, l)e calculated, and the phenomena occurring 
in them under normal conditions of operation predetermined ancl 
controlled. Usually, how(!ver, tlu; limitations of apparatus and 
lines are found not in the normal condition of operation, the steady 
flow of power, but in tlie phenomena occnirring under abnormal 
though by no mcuins unfrciquent condiUons, in tlu' more or less 
transient abnormal voltages, curnsnts, fn'qutmcues, ('t(!.; and the 
study of tlu^ laws of t,h('S(> transi(>nt plumonuma, tlu^ ('lee, trie dis- 
charges, wav('s, and impulse's, thus Ix'Cioitu's of paramount impor- 
tance. In a fornu'r work, “ Tluiory and (''alculation of Transient 
Electric Phenomena and Oscillations,” I hav(i given a systematic 
study of th('S(i plu'nomena, as far as our pn'sent knowk'dge p('r- 
mits, which by lU'cc'ssity involvc's to a (jonsidt'rabh' ('.xtent tlu' use 
of mathemaPms. As many engin('('rs may not hav(' the tinu' or 
iiKilination to a mathematicuil study, I hav<' ('ink'avon'd to give; in 
the following a d('se.rii)tiv(^ ('xi)osition of tlu' i)hy.sical nature' and 
me'aning, the origin and effe'cts, of tlx'se' phe'iiome'na, with the' use 
of very little' and only the* .simi)le'.st form of mathemiatics, so as to 
afford a ge'iu^ral knowledge of these' phenome'na to those engine'e'rs 
who have not the time to devote to a more extensive study, 
and also to serve as an introduction to the study of " Transient 
Phenomena.” I have-, therefore, in the following developed these} 
phenomena from the physieial emnex'ption of e'ne'rgy, its storage and 
readjustment, and extensively uml as illustrations oscillograms of 
such electric discharges, waves, and impulses, taken on industrial 
electric circuits of all kinds, as to give the reader a familiarity 
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with transient phenomena by the inspection of their record on the 
photographic film of the oscillograph. I would therefore r(>com- 
mend the reading of the following pages as an introduction to 
the study of “ Transient Phenomena,” as the knowledge gained 
thereby of the physical nature materially assists in tlu' uml(>r- 
standing of their mathematical representation, which latter 
obviously is necessary for their numerical (lalculation and pr<‘- 
determination. 

The book contains a series of lectures on electric discharges, 
waves, and impulses, which was giv(m during the last, winter to 
the graduate classes of Union University as an ('U'liu'ntary intro- 
duction to and “translation from mathematic^s into English” of tin' 
“ Theory and Calculation of Transient Ele(d.ric Pln'noincna and 
Oscillations.” Hereto has been added a chapter on the cahmlat ion 
of capacities and inductances of conductors, since capacity and 
inductance are the fundamental quantities on which the transients 
depend. 

In the preparation of the work, I have been Juaterially tussisted 
by Mr. C. M. Davis, M.E.E., who kindly correch'd and edite<l 
the manuscript and illustrations, and to whom I wish to express 
my thanks. 

CHARLES PROTEUS STEINMETZ. 


October, 1911. 
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ELEMENTARY LECTURES ON ELECTRIC 
DISCHARGES, WAVES AND IMPULSES, 
AND OTHER TRANSIENTS. 

LECTURE 1. 

NATURE AND ORIGIN OF TRANSIENTS. 

I. Electrical engineering deals with electric energy and its 
flow, that is, electric power. Two classes of phenomena are met: 
permanent and transient phenomena. To illustrate: Let 0 in 
Fig. 1 be a direct-current generator, which over a circuit A con- 
nects to a load L, as a number of lamps, etc. In the generator 
Gj the line Aj and the load L, a current i flows, and voltages e 


A 



exist, which are constant, or permanent, as long as the conditions 
of the circuit remain the same. If we connect in some more 
lights, or disconnect some of the load, we get a different current 
i', and possibly different voltag(\s c'; but again i' and c' are per- 
manent, that is, remain the same as long as the circuit remains 
unchanged. 

Let, however, in Fig. 2, a direct-current generator G be connected 
to an electrostatic condenser C, Before the switch S is closed, and 
therefore also m the moment of closing the switch, no current flows 
in the line A, Immediately after the switch S is closed, current 
begins to flow over line A into the condenser C, charging this 
condenser up to the voltage given by the generator. When the 

1 



2 ELECTRIC DISCHARGES, WAVES AND IMPULSES. 


condenser C is charged, the current in the line A and th(> condi'nsfT 
C is zero again. That is, the permanent condition htdort' elo.sing 
the switch S, and also some time after the closing of tlu' switch, 
is zero current in the line. Immediately aft(‘r tlu* closing of 
the switch, however, current flows for a more* or h'ss short t inu'. 
With the condition of the circuit unchangc'd: tlu‘ same generator 
voltage, the switch (Sf closed on the sam<‘ cinniit, tin' current 
nevertheless changes, increasing from zero, at the moment of 
closing the switch 8, to a maximum, and then dccr(‘asing again to 
zero, while the condenser charg<>s from zero voltage* to the genera- 
tor voltage. We then here meet a transie'nt plu'nonu'uon, in tlie 
charge of the condenser from a source of continuous voltage. 


A 



Commonly, transient and permanent phenomena are sujjer- 
imposed upon each other. For instairce, if in the circuit Fig. I 
we close the switch S connecting a fan motor F, at the moment of 
closing the switch S the current in the fan-motor (urcuit. is zero. 
It rapidly rises to a maximum, the motor starts, its speed inereus<>8 
while the current decreases, until finally speed and (uarreid. lieeomo 
constant; that is, the permanent condition is r(‘ach<*<l. 

The transient, therefore, appears as interniediate hetwc'en two 
permanent conditions: in the above instance, the fan motor dis- 
connected, and the fan motor running at full speed. 'I'he (juestion 
then arises, why the effect of a change in the conditions t)f an 
electric circuit does not appear instantant^ously, hut only after a 
transition period, requiring a finite, though frequently very short., 
time. 

2 . Consider the simplest case: an electric iM)wer transmission 
(Fig. 3). In the generator Q electric power is produced from me- 
chanical power, and supplied to the line A. In the line .4 some of 
this power is dissipated, the rest transmitted into the load L, 
where the power is used. The consideration of the electric isjwor 
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in generator, line, and load does not represent the entire phenome- 
non. While electric power flows over the line A , there is a magnetic 
field surrounding the line conductors, and an electrostatic field 
issuing from the line conductors. The magnetic field and the 
electrostatic or ^Mic'lectric ” field represent stored energy. Thus, 
during the permanent conditions of the flow of power through the 
<;ircuit Fig. 3, tlu'rc^ is ek^dric energy stored in the space surround- 
ing th(‘ liiu^ (‘.onduc.tors. There is energy stored also in the genera- 
tor and in iho. load; for instance, the nu'chanical momentum of tlic 
r(‘V()Iving fan in Fig. 1, and tlu^ heat energy of the iruuindescent 
lamp filanu^nts. The permanent condition of the circuit Fig. 3 
thus r('])r(‘s(mt,s not only flow of power, hut also storage of energy. 
When i\u\ swit(fli S is open, and no ])ower flows, no energy is 
stored in the system. If we now close the switch, before the 
permatient condition (H)rresponding to the closed switch can occur, 



th(‘ st.or(Hl (nuu'gy has to l)e supplied from the source of power; that 
is, for a short, t inn^ powcT, in supplying the stored ene^rgy, flows not 
only tlnougli th(‘ circuit, hut also from the circuit into the space 
surrounding the (H)nduct<)rs, etc. This flow of power, whi(;h sup- 
pFu's the' mvTgy stortnl in tlu^ permanent condition of the circuit, 
must ct‘as{‘ as soon as the storcnl energy lias been supplied, and 
thus is a transient. 

Invi*rs(*ly, if vvt^ disconmnd. some of the load L in Fig. 3, and 
th(T(d)y r(Hlue(‘ th(‘ flow of power, a smaller amount of stored 
cauagy would <*orr(^Hpond to that lesser flow, and before the 
camditions of tlie circaiit can become stationary, or permanent 
(corrc*B|)onding to tin* lesscanHl flow of power), some of the stored 
energy has to be* returned to tin* (‘ircuit, or dissipated, by a 
transient. 

Thus tin* transient is the result of the change of the amount of 
storcal energy, required by the change of circuit conditions, and 
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is the phenomenon by which the circuit rciuljuHta itself to the 
change of stored energy. It may thus be ajiid that the perma- 
nent phenomena are the phenomena of electric powt'r, the tran- 
sients the phenomena of electric energy. 

3 . It is obvious, then, that transients are not specifically electri- 
cal phenomena, but occur with all forma of energy, under all condi- 
tions where energy storage takes place. 

Thus, when we start the motors i)ropelling an eUndric car, a 
transient period, of acceleration, appears between the pn'vioua 
permanent condition of standstill and the final i>ermnnent <-on- 
dition of constant-speed miming; when we shut ofT the motors, 
the permanent condition of standstill is not rtaiched instantly, 
but a transient condition of dcHicleration intervenes. Wlum we 
open the water gates leading to an empty canal, a transient 
condition'of flow and water level intervenes while the isanal is 
filling, until the permanent condition is reached. Thus in the case 
of the fan motor in instance Fig. 1, a transient period of speetl 
and mechanical energy appeared while the motor was speeding up 
and gathering the mechanical energy of its momentum. When 
turning on an incandescent lamp, the filament passes a tranaient 
of gradually rising temperature. 

Just as electrical transients may, under certain conditions, rise 
to destructive values; so transients of other forms of energy may 
become destructive, or may require serious consideration, as, for 
instance, is the case in governing high-head water powers. Tlu^ 
column of water in the supply pipe represents a conaidcrul)U^ 
amount of stored mechanical energy, when flowing at vchx'ity, 
under load. If, then, full load is suddenly thrown off, it is not 
possible to suddenly stop the flow of water, since a rapid stojiping 
would lead to a pressure transient of destructive value, that is, 
burst the pipe. Hence the use of surge tanks, ridic'f valvi's, or 
deflecting nozzle governors. Inversely, if a heavy load eom(>s on 
suddenly, opening the nozzle wide does not immediately take care 
of the load, but momentarily drops the water pressure at tin* 
nozzle, while gradually the water column acquires velocity, that 
is, stores energy. 

The fundamental condition of the appearance of a transient 
thus is such a disposition of the stored energy in the system as 
differs from that required by the existing conditions of the system; 
and any change of the condition of a system, which requires a 
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change of the stored energy, of whatever form this energy may be, 
leads. to a transient. 

Electrical transients have been studied more than transients of 
other forms of energy because: 

(а) Electrical transients generally are simpler in nature, and 
therefore yield more easily to a theoretical and experimental 
investigation. 

( б ) The theoretical side of electrical engineering is further 
advanced than the theoretical side of most other sciences, and 
especially : 

(c) Th(^ destructive or harmful effects of transients in electrical 
systems arc far more common and more serious than with other 
forms of energy, and the engineers hav(^ therefore been driven l)y 
necessity to their careful and extensive study. 

4 . The simplest form of transient occurs where the effect is 
directly proportional to the cause. This is generally the case in 
electric circuits, since voltage, current, magnetic flux, etc., are 
proportional to each other, and the electrical transients therefore 
are usually of the simplest nature. In those cases, however, 
where this direct proportionality does not exist, as for instance in 
inductive circuits containing iron, or in electrostatic fields exceed- 
ing the corona voltage, the transients also are far more complex, 
and very little work has been dotu^, and very little is known, on 
these more complex electrical transients. 

Assunu^ that in an electric^ circuit we have a transient cur- 
rent, as representcHl by curve i in Fig. 4; that is, some change of 
circuit conditioxr requires a readjustment of the stored energy, 
which occurs by the flow of transient (mrrcmt i. This current 
starts at the value 0 , and gradually dicis down to ^lero. Assume 
now that the law of proportionality between (‘.ause and c^ffcK^t 
applies; that is, if tlu^ transiemt current started with a different 
value, it would traverse a curve which is tin's same as curve 
t, except that all values are changed proportionally, by the ratio 

that is, *£'= i X 

Starting with current fi, the transient follows the curve i; 
starting with %%, the transient follows the proportional curve i'. 
At some time, however, the current i has dropped to the value 4, 
with which the curve started. At this moment t, the conditions 
in the first case, of current are the same as the conditions in 
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the second case, of current i', at the moment tp, tliat is, from t 
onward, curve i is the same as curve i' from time h onward. Since 



i' is proportional to i, from any point t onward curve i is proiwr- 
tional to the same curve i from U onward. At time h, it is 

-■ 

dti dti ^ ii 

But since ^ and fj at <i arc the same as ^ and i at tinu' t, i( 
follows; 


or, 


dt 

dt 


dii i 
dt\ ii 




where c = ■ 


1 dii 


ii dt ” minus sign is <!h()8on, m 

di . 

^ IS negative. 

As in Fig. 4: 




tan<^=-|, 


aJi = ii, 


1 dii _ tan ^ 

i.- 

~ ' oTti 

ss’ 
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that is, c is the reciprocal of the projection T = hh on the zero line 
of the tangent at the starting moment of the transient. 


Since 


c 

di 

i 


1 

r 

— cdt; 


that is, the percentual change of current is constant, or in other 
words, in the same time, the current always decreases by the same 
fraction of its value, no matter what this value is. 

Integrated, this equation gives: 

log i = — ct + Cj 

or, izszAe 


that is, the curve is the exponential 
The exponential curve thus is the expression of the simplest 
form of transient. This explains its common occurrence in elec- 
trical and other transients. Consider, for instance, the decay of 
radioactive substan(^(^s : tlie radiation, which represents the decay, 

is proportional to the amount of radiating material; it is ” = cm, 


which leads to tlie same exrK)nential function. 

Not all transients, however, are of this simplest form. For 
instance, the decuderation of a ship does not follow the exponential, 
l)ut at high velociti(‘8 the d(HT(^ase of specMl is a greater fraction of 
the si)eed than during the same tinu^ interval at lower velocities, 
and the speed-time (jurves for different initial speeds an^ not pro- 
portional to eacdi other, but are sb shown in Fig. 5. Tlie reason 
is, that the fricitional resistance is not proportional to the speed, 
but to tlic^ squares of tlu' specMl. 

5. Two (dasses of transic‘nts may oemv: 

1. Energy may be storcnl in one form only, and the only energy 
changes whicdi can occur thus is an inc^n^ase or a decrease of the 
stored energy. 

2. Energy may be stored in two or more different fonns, and the 
Iiossible energy changes thus are an increase or decrease of the 
total stored energy, or a change of the stored energy from one form 
to another. Usually both occur simultaneously. 

An instance of the first case is the acceleration or deceleration 
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of a train, or a ship, etc. ; here energy can bo stored only as mechan- 
ical momentum, and the transient thus consists of an incrc'ast' of 
the stored energy, during acceleration, or of a decreas(>,' during 



deceleration. Thus also in a low-voltage electric circuit of negli- 
gible capacity, energy can be stored only in the magnetic field, and 
the transient represents an increase of the stored magnetic energy, 
during increase of current, or a decrease of the magnetic energy, 
during a decrease of current. 

An instance of the second case is the pendulum, Fig. 0: with tin- 
weight at rest in maximum elevation, all the storc-d energy i.s 

potential eru-rgy of gravita- 
tion. This energy (-hangt-s to 
kinetic raec.hanical (-tu-rgy until 
in the lowest position, a, when 
all the |M)t(>ntial gravitational 
energy has laam either ctm- 
verted to kinetic mechanical 
energy or dissipated. Then, 
during the risi- of tlie weiglit, 
that part of the energy which 
is not dissipated again changt-s 
to potential gravitational (-n- 
ergy, at c, then batik again to 
Idnetic energy, at aj and in this manner the total stortid energy 
is gradually dissipated, by a series of successive oscillations or 
changes between potential gravitational and kinetic mechanical 



a 

Fig. 6. — Double-energy Transient 
of Pendulum. 
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energy. Thus in electric circuits containing energy stored in the 
magnetic and in the dielectric field, the change of the amount 
of stored energy — decrease or increase — frequently occurs by a 
series of successive changes from magnetic to dielectric and back 
again from dielectric to magnetic stored energy. This for instance 
is the case in the charge or discharge of a condenser through an 
inductive circuit. 

If energy can be stored in more than two different forms, still 
more complex phenomena may occur, as for instance in the hunt- 
ing of synchronous machines at the end of long transmission lines, 
where energy can be stored as magnetic energy in the line and 
apparatus, as dielectric energy in the line, and as mechanical 
energy in the momentum of the motor. 

6. The study and calciulation of the permanent phenomena in 
electric circuits are usually far simpler than are the study and 
calculation of transient phenomena. However, only the phe- 
nomena of a continuous-current circuit are really permanent. 
The alternating-current phenomena are transient, as the e.m.f. 
continuously and periodically changes, and with it the current, 
the stored energy, etc. The theory of alternating-current phe- 
nomena, as periodic transients, thus has been more difficult than 
that of continuous-current phenomena, until methods were devised 
to treat th(^ periodic, transients of the alternating-current circuit 
as permanemt i)henomena, by the conception of the effective 
values, and more completely by the introduction of the general 
numb(‘r or complex quantity, which represents the periodic func- 
tion of time by a constant numerical value. In this feature li(‘s 
th(^ advantage and the power of the symbolic nn^thod of demling 
with alt.crnating-current phenomena, — the reduction of a periodic 
transient to a p(^rmanent or constant quantity. For this reason, 
wherever periodic transients occur, as in rectification, commuta- 
tion, etc., a considc^rable advantage is frequently gained by thenr 
reduction to permanent phenomena, by the introduction of the 
syml)olic expression of the equivalent sine wave. 

Hereby most of the periodic transients have been eliminated 
from consideration, and there remain mainly the nonperiodic 
transients, as occur at any change of circuit conditions. Since 
they are the phenomena of the readjustment of stored energy, a 
study of the energy' storage of the electric circuit, that is, of its 
magnetic and dielectric field, is of first importance. 
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THE ELECTRIC FIELD. 


7 . Let, in Fig. 7, a generator G Iransitui <*lec*tric* jiciwcT ovi*r 
line A into a receiving circuit M. 


A 



Fig. 7. 

tain phenomena occur: rtiagneiu* 


While iKnver flown tlirtntgli 
the contiuetorH .4^ power in vim- 
Humed ill ihene eoncliiettiw l)y 
converHioii into lieai, re|m*“ 
Bcnited by i-r. Thin, liowevru', 
m not alb but in the npiw^e 
Burroutulitig the c*onc!uetor eiT- 
and ele(*troHt-ati<» foreign apiM*iir. 



B'ig. 8. — Electric B'ield of C !cmihtctiir. 


The conductor is surrounded by a fmgmUc fields cjr a mtignelie 
flux, which is measured by the uun^&r of Uom of anif/aelif forte #. 
With a single conductor, the lines of magnetic force are eon<»entriii 

circles, as shown in Pig. 8 . By the return conductor, thi* cdreh^n 

10 
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are crowded together between the conductors, and the magnetic 
field consists of eccentric circles surrounding the conductors, as 
shown by the drawn lines in Fig. 9. 

An electrostatic, or, as more properly called, dielectric field, issues 
from the conductors, that is, a dielectric flux passes between the 
conductors, which is measured by the number of lines of dielectric 
force With a single conductor, the lines of dielectric force are 
radial straight lines, as shown dotted in Fig. 8. By the return 
conductor, they are crowded together between the conductors, 
and form arcs of circles, passing from conductor to return conduc- 
tor, as shown dotted in Fig. 9. 



The magnetic and the dielectric field of the conductors l)oth are 
included in the term electric field, and are the two components of 
the electri(‘. field of the conductor. 

8. Th(‘ magnetic*, field or magnetic flux of the (urcniit, is pro- 
portional to tlu^ (uirrent, /, with a proportionality factor, L, wliich 
is called the inductance of the circuiL 

( 1 ) 

The magn(*tic fi(*ld represents stored energy ta. To produce it, 
pow(‘r, p, must therefore l)e suppluHl by the circuit. 

Since power is current times voltage: 

p « e% 

* if the flux # interlinks the circuit n fold. 


( 2 ) 
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to produce the magiM'tic field 'I* of the eurnait i, a voltage e' 
must be consumed in the circuit, which with th«' curr.'iit / givcH 
the power p, which aupplioH tin* Hh)r«‘d enerK>' «' of tlse nuiKnetic 
field $. This voltage e' ia calhnl th<^ indudancf voltngr, or vnlUigr 
consumed by self-induction. 

Since no power is recjuired to maintain the field, hut {anver is 
required to produce it, the inductance voltage* juust \m j>ro|KU- 
tional to the rate of incn'aae of the magnetic field: 


or by ( 1 ), 


d<I> 

dt’ 


(g a» 



(4) 


If i and therefore <l> decreajM', ami then*fore c' are negative; 

that ia, p becomes negative, and i«)wer is reUirned intt> the circuit. 
The energy supplied by the jarn'cr p is 


or by (2) and (4), 
hence 



w « 


/.t» 

2 


(5) 


is the energy of the magnetic field 

4* ^ IA 

of the circuit. 

9 . Exactly analogous relations exist in the dielectric field. 

The dielectric field, or dielectric fiux, is projHirticmal to the 
voltage e, with a proportionality factor, C, which is calhal the 
capacity of the circuit: 

'll » Ce. («) 

The dielectric field represents stored energy, w. To jmsluc*^ it, 
power, p, must, therefore, be supplied by the circuit. 

Since power is current times voltage: 

p - i% (7) 

to produce the dielectric field ''P' of the voltage <*, a eurr«*nt i' 
must be consumed in the circuit, which with the voltjqre c gives 
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the power p, which supplies the stored energy w of the dielectric 
field This current i' is called the capacity current, or, wrongly, 
charging current or condenser curreyit. 

Since no power is required to maintain the field, but power is 
required to produce it, the capacity current must be proportional 
to the rat(^ of in(Teas(^ of the dielectric*, ficild: 


or by (6), 



i' 


df 


(8) 

(9) 


If e and therefore M'’ decrease, 


de 


and therefore i' are negative; 

that is, p b(HU)mes negatives and power is returned into the circuit. 
The energy supplied l)y the powe^r p is 



w-Jp 

or by (7) atul (9), 


hoiKte 



t. = 2- 


dt, (10) 

^ede; 

( 11 ) 


is the energy of the dielectrics field 

» Ce 

of the circuit. 

Ah HC*en, the capa(‘<ity curremt is the exact analogy, with regard 
to thc^ di(d(H!tric fic^ld, of tlie inducd-ancu^ voltage witli regard to the 
inagncdlc. fu'ld; the rei)reBentation8 in tlie electric circuit, of the 
energy storage in the field. 

The dielectric field of tine circuit thus is treatcnl and reprc*sented 
in thc^ same manner, and with the same simplicity and perspicuity, 
as the magnetic field, l)y using the same conception of lines of 
force. 

Unfortunately, to a large extent in dealing with the dielectric 
fields the preliistoric conception of the electrostatic charge on the 
conductor still exists, and by its usc'^ destroys the analogy l>etween 
the two components of the electric field, the magnetic and the 
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dielectric, and makes the consideration of dielectric fields un- 
necessarily compli(!ated. 

There obviously is no more sense in thinking (jf the eaitueity 
current as current which charges the conductor with a (luantity 
of electricity, than there is of speaking of tlu* in<hu‘tauce voltagt* 
as charging the conductor with a (luautity of tungnelisiu. Itut 
while the latter conception, together with thi- notion of a cpuuitity 
of magnetism, etc., has vanished since Fara<luy‘s represent at itui 
of the magnetic field by the lines of magnet i<' for<-e. tlie termi- 
nology of electrostatics of many textbiKiks .still speaks of I'leetric 
charges on the conductor, and Hit' energy .stored by them, without 
considering that the dielectric. energ.v is not on thi' surface of, the 
conductor, but in the space outsitlt* of the conductor, just a,s the 
magnetic energy. • 

10. All the lines of magnetic force art* cUisctl uikui thcm.selvcs, 
all the lines of dielectric forcti terminate at contluctors, as .seen in 
Fig. 8, and the magnetic field and the tlielcctric ficltl thus can be 
considered as a maanetic dmiH anti a (lirlirtric dmtit. 

To produce a nuignclicjlm 4', a maynftnnwtitv force F is napiircd. 
Since the magjretic field is dut* tti the current, anti is pnnKirtittnal 
to the current, or, in a coiletl circuit, to the current tinit's the num- 
ber of turns, magnetomotive forct* is exprcsseil in current tunm or 
ampere turns. 

F = ni. (12) 


If F is the m.m.f., I the length tif the magnetic circuit , energizeti 

, F 


is called the magnetizing force, or magnetic grnilicnt, and is ex- 
pressed in ampere turns per an. (or intlustrially sometimes in 
ampere turns per inch). 

In empty space, and therefore also, with very elost* approxi- 
mation, in all nonmagnetic material,/ am|a>re turiw |K*r cm. lengtb 
of magnetic circuit produce 3C » 4 ir/ It) * lint's of magnetic force 
per square cm. section of the magnetic circuit. (Ilert' the factor 
10~‘ results from the ampere k'ing 10“> of the alwolufe or «•»«. 
unit of current.) 

3e-4ir/l0"‘* (U) 


• The factor 4 x is a sumvat of the original tioflaiUon of the amgaotic field 
intensity from the conception of the magnetic n««s, siact* unit aiagactic a«w« 
was defined as that quantity of magnetiwn which nets on an cciuiil i|aaatity at 
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is called the magnetic-Jield intensity. It is the magnetic density^ 
that is, the number of lines of magnetic force per cm^, produced 
by the magnetizing force of / ampere turns per cm. in empty space. 

The magnetic density, in lines of magnetic force per cm^, pro- 
duced by the field intimsity CfC in any material is 

CB - /x5C, (15) 

where /x is a (constant of thc^ material, a “ magnetic conductivity,'^ 
and is (‘all(Ml the pernHiability. m === 1 or very nearly bo for most 
materials, with the exi^eption of very few, the so-called magnetic 
materials : iron, cobalt, nickd, and some alloys and oxides of 
tlu^sc^ nuitals and of mangam^se and chromium. 

If tlum A is the section of the magneticj circuit, the total magnetic 
flux is 

^ = A(5!>. (16) 


Obviously, if the magnetic^ field is not uniform, equations (13) 
and (16) would b(^ correspondingly modified; / in (13) would be 
th(^ av('rag(‘ magiud/izing force, while the actual magnetizing force 
would vary, being highc^r at thi^ (hmser, and lower at the less dense, 
parts of the magneti(‘. circuit: 




dF 

ir 


(17) 


In (16), the magnetic flux would be derived by integrating the 
densitii's ® over the total sc^ction of the magnetic circuit. 

IX. Mnt.irely analogous rOatlons exist in the dielectric circuit. 

To producH^ a dielectric Jinx an eketr (motive farce e is required, 
whidi is measured in volts. Tlu^ e.m.f. per unit length of the 
dielecd.ric! eiriniit then is called the eketrifying force or the voltage 
gradient, and is 

a = (18) 


unit (liHtance with unit force. The unit field intensity, then, was defined as 
tlie field inttmsity at unit distance from unit magnetic mass, and represented 
by one linc^ (or rather ‘Tube’') of magnetic force. The magncitic flux of unit 
magnetic mass (or ‘*unit magnet jhjIc’O hereljy became 4 w linc» of force, and 
tliis introduced the factor 4 t into many magnetic quantities. An attempt 
to drop this factor 4 w has failcMl, as the magnetic units wert^ already too well 
estahlishiMl. 

The factor 10-^ also appears undesirable, hut when the electrical units 
were introduced the alwolute unit appeared as too large a value of current as 
practical unit, and one-tenth of it was chosen as unit, and called ampere.^' 
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This gives the average voltage gradient, wlule the aet.ual gradient 
in an ununiforin field, ua that hetwwn two eoiuluelors, varies, 
being higher at the denser, and lower at the h'sa dense, iwrtion of 
the field, and is 


then is the dieledric-fisld intenKUy, and 


would be the dielectric dendtii, where k is a constant of the material, 
the electrostatic or diole(!trie. conductivity, anti is ealletl the «/«■- 
cific capacity or permittivity. 

For empty space, and thus with clowt approximatitm ft»r air and 
other gases, ^ 


where 

u - 3 X 10'" 

is the velocity of light. 

It is customary, however, and convenient, to tise the |M*rmit- 
tivity of empty space as unity: k » 1. This chnttges the unit of 

dielectric-field intensity by the factor j~, amt gives: dielect ric-fieltl 
intensity, 

dielectric density, 

D - kK, (22) 

where k = 1 for empty space, and betwe(*n 2 and 0 for most solids 
and liquids, rarely increasing beyond 0, except in materials of 
appreciable electric conductivity. 

The dielectric flux then is 

Nl' - /ID. (231 

12 . As seen, the dielectric and the magtiotio fiekls an» entirely 
analogous, and the corresponding values art? tabulated in the 
following Table I. 

• The factor 4 w appears here in the denominator as tho result of the faotor 
4 IT in the magnetic-field intensity jc, due to the relatiom bBtwtsm those 
quantities. 
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TABLE T. 


MfiRnetic FiaUI. 

Diolcwtrio Field. 

Magnetic flux: 

I A 10*^ lincH of magnetic force. 

IiKiuctance voltage: 

e'a 10 ” voltH. 

d( (it 

Dielectric flux: 

vF Cc linc^H of difdectric forc(^ or 
coulombH. 

Capatuty current : 

t amperes. 

Magnetic energy: 

Diel(‘ctric energy: 

w «« jouIcH. 

nu 

tv® . , 

w « ^ joules. 

Magnetomotive force : 

F M ni ampere turnH. 

Electromotive force: 
c volts. 

Magnetissing force: 

F 

f m - ampere turnn per cm. 

Khadrifying force or voltage gra- 
dient: 

(r « volts per cm. 

M ague t i (vf 1 1 d i n 1 nn i ty : 

BH 4^/ HP 1 linen of magnetic 
force per cm'**. 

Magmd ic dcmHity: 

^ » MfK! lincH of magnetic force 
per cm**. 

Permeability: ja 

Dielcctric-ficld intensity: 

0 

K » -l()9 lines of dielectric 

4 iris 

force ptT (nn®, or coulombs 
per can®. 

Dielcfdric. density: 

D » kK lin(‘H of dicdectric fonse 
p{'r cm®, or coulombs per 
cm®. 

Permittivity or specific capacity: k 

Magnetic flux: 

“ /i(E lincH of magnet ic force. 

Dielectric flux: 

^ » Al) lim« of dielectric force, 
or coulombs. 

p » 3 X H)*** « velocity (»f light. 


The powerH of 10, which aiipour in some expmsHiouH, arc reduc- 
tion fiwdorB h<'twc(‘n the uhHolut(‘ or (’gB. unitn which arc used 
for X, ®, and the* prac^tieal <‘lectri(-al unite, used for other 
constants. 

As the magnetic field and the dielectric field also can Iks con- 
sidensd iis the inagju'tic circuit and the di(slectric circuit, some 
analogy exists In'tween them and the electric circuit, and in Table 
11 the corresisonding temis of the magnetic circuit, the dielectric 
circuit, and the electric circuit are given. 
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Magnetic Circuit, 


M ■ 


TABLE H. 

Dielectric C’ircuit. 


C'smisl. 


Magnetic flux (magnetic 
current) : 

=a linoH of magnetic 
force. 

Magnetomotive force: 

F » ni ampere turns. 
Permeance: 

AttF' 

Inductance: 

Lm 10-“« « ' V- 

„ i'- I 

henry. 

Relucttmce: . 

F 

Magnetic energy: 

W * -‘Y joulei. 

Magnetic density: 


Oi » 2 «M ffClines per em*, 

Magnetizing force: 

F 

/ » j ampere turns |)er 
cm. 

Magnetic-field intensity: 


X « Awf» 

Permeability: 

^ ;jc 

Reluctivity: 

(B 

Specific magnetic energy 

Kh-’ joutes per om» 


Dielectric flux (ditdectrir ! Klerfric nirrent: 
current): I 

^ lines <»f (licdtM*! ri( 
furee. 

Elect romot ive ftuve: 
c - VeltH. 


I elect rie eur- 
reijf . 

\'u|| age ; 
r veils. 


Perniittanet' c^r cH|mcity : C 'nniltictaiice: 

'P i i 

C ^ - furaik !/ iuli<»s. 

V ^ 


(Eliwtance): 

1 e 

‘ ■ m 9 

a ^ 

Dieleetrh’ energy; 

w ,, joules. 

Dieleetrie density; 


£^«.-«KA’lines|M*reiii^ 


Dieleetrie gradietji; 

» * volts jM*r eim 

Dielectrie-fieltl i n t e n - 
«ity: 

If 

Permittivity or simelfir 
capaeity: 

D 

(Elastivity ?): 

I K 
D 


Spec i fie dieleetrie liiiergy i- 

^ lAt tm 

io»- 

2 wt^KD joyfe |M*r end, 


llesint Jiure: 
r *. olitiis. 

i 

Eh'ctrir power; 

|i ... ,*|;? j 

waffs. 

Elect rscveiirnnit 
ilensil)': 

i - ■*’** line 

jttTt^sper cm*. 

Eli’ctric griiiiteiit : 

f# ^ volts jw^rr III. 


Dtiiitltirth-ily: 

"t j, iiiltti-rtii, 

llesiftlivity: 

1 t; . 
y i 

M|«frifie iMiwur: 

1% I#/’ f// 

WfitN |»’r rill*. 



LECrrURE III. 


SINGLE-ENERGY TRANSIENTS IN CONTINUOUS- 
CURRENT CDRCUITa 


13. Tlu^ nirnpIc^Ht tranmcnitH fh'* thorn'' in In 

which cniorgy can he Hl-ort'd in oin^ form #nly, an in thin i^^.'thc 
cliangc' of Htonal cntTgy c*an (u>nHiHt only of an inMasc or 
hut no Hurgc' or oKcillation t>ctwccn Hcvcral of on^S* c‘an 

(‘xint. Hiu’h cinniitn arc* inont of the low- ai^KncHliu mlvo ltagc 
circuitH, ^ ■ 220 voltn, 0(M) voltn, and 2200 volt^. tl^ipac- 

ity Is Hinallj due' to the' liinitcd extent c^f the* cii^^., iWilj&^from 
the low voltage', ai'ul at the* lenv vedtage' tlie* di'^rtfi^en^l thias 


in nc'gligihle', that is, the* circuit store's appre'^aghle' c'i 
the magnetie* fic'ld, 1 ^ 

A circuit o! conside'rahle^ capacity, hut ue 'fC^{|hIe' 


rgy^mly l)y 
dueti^'e', if 
y e'irSnt, as 


of high re'HistaneH', would also give' one* fofm hf ^^gy|tfor^fe)nIy, 
in the die'li'ctric fie*ld. Tlu' usual high-vWteift^fe)a^' <‘ir^it, as 
tluit of an e’lee’tremtatie^ niae'hii'H', while' #f f<lt^®uerii^in<|^Hance, 
fdso is of vc'ry small resistanc'c', and yh^^nitary ^^ uirge' 
currents may very conside'r- |T 
able, HO that in spite* of the* ve'ry 

small inductiine»e, <»onsidt*rahle » §* 

rnagneticM'nergy storage* may ew> 

cur; that is, tim systean is one ’ A 

storing energy in two forms, and | • CZZ'^ 

oscillations apfiear, as in the dis- 

charg<« (.f t.h(^ U>ydvn jar ,..5^ SinKkH.-nergy 

I^'t, as reprem*nted m eig. 10, Traasimt. 

a contimions voltage* e*cj he im- 

preesiMi upon a wire eoil of re*sistance^ r and inductance L (but 

e*o 

npgligil>I« cai)atnty). A tnirn'iit u “ Howa through the coil and 


a magnetic field tko 10~* “ intt'rlinka with the coil. Assuming 

now that the voltage c# ia suddenly withdrawn, without changing 

19 
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the constants of the coil circuit, iw for iuHtau<‘c l)y short- 
circuiting the terminals of the coil, as iiuliaittul at A. With no 
voltage impressed upon the coil, ami thus no power suppru'd to it, 
current i and magnetic flux of the (!oil must finally he zero. 
However, since the magnetic flux rc'presents stored enerK.v, it 
cannot instantly vanish, but the tnagnetie flux must, gradually 
decrease from its initial value <ho, by the dissipation of its stored 
energy in the resistance of th(‘ coil circuit as Ur. Plotting, there- 
fore, the magnetic flux of the coil as function of tin- time, in Fig. 
IIA, the flux is constant and demoted by ‘h,, up to the moment of 



Fig. 11. — PharactcristioH of Miignctit) HingUs-mergy 'IViuiiiit’iit. 

time where the short circuit is applied, as indicated by t he clotted 
line to. From <o on the magnetic flux decreaw'S, as shown by curve 
Since the magnetic flux is pro{K)rtional to the eum'ut, the 
latter must follow a curve proportional to as shown in Fig. 1 1 H. 
The impressed voltage is shown in Fig. UC as a dotte«l line; it is 
60 up to to, and drops to 0 at to. However, since aftim to a eummt 
i flows, an e.m.f. must eidst in the circuit, prormrtional to tlie 
current. 


e ■» ri. 
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This is the e.in.f. indueod by the decrease of magnetic flux and 
is therefore proportional to the rate of decrease of <I>, that is, to 

. In the first moment of short circmit, the magruitic flux still 

(it 

has full value and the (uirrent i thus also full value U. Hence, 
at the first nioiueut of short (unuiit, the induced e.in.f. e must be 
equal to co, that is, tlu^. magnetics flux must begin to decrease at 
such rate as to iudiu^c^ full voltage co, as shown in Fig. IIC. 

Tlie thr(‘e c.urves <I>, /, and e an^ proportional to eacti other, and 
as e is iiroportional to tlu^ rat(^ of change of <1, must be propor- 
tional to its own rai.e of change, and thus also i and e. That is, 
the transicnits of magiud-ie flux, current, and voltage follow the 
law of iiroportionalit.y, luauu^ are simple exponential functions, as 
s(Hm in IjCHdaire I: 


e — C{}« 


( 1 ) 


i, and e d(u;reiise most rapidly at first, and then slower and 
slower, but (*an th(‘or(‘ti(*ally never becoim' izero, though prac- 
tically th(\y b(*(U)m(‘ m^gligibk^ in a fmit(^ t-ime. 

The volf agt' c is indmuMl by tlu^ rate* of (diangc^ of the magnetism, 
and (‘(juals tlu* d(‘(‘rcuis(» of th<^ numlxT of lines of magnetic force, 
divided l>y tin* time* during which this deerejisi* oiTurs, multiplied 
by tlu* numb(*r of turns n of th<* coil The in(lu(‘tHl voltage e 
times th(* tinu* during which it is indu(*(*d thus e<|uals n times the 
decreasi* of tlu^ magmdic* flux, and tin* total induccnl voltage, 
that is, the ar(*a of th(^ induc<*d-voltagt‘ curve*, Fig. 1 1C, thus 
(‘C|ualH n tim(*H the* total di*<*r(*ase of magm*ti(! flux, that is, equals 
the initial currc*nt titm*H the* indutdance L: 

^et ^ ^ Lin. ( 2 ) 

Whatever, tlierefon*, may be the rate of decrease, or the shape 
of the curves of i, and the total an*a of the voltage curve must 
he the same, and cHpial to « Lio. 

If th(*n tlie cairrc*nt i would eontinue to decireaac^ at its initial 
rate, as shown dotbsl in Fig. 11/^ (lis could he caused, for instance, 
l)y a padual in(‘reasc^ of tlie reaistama* of the coil circuit), the 
induccnl voltage would retain its initial value co up to the moment 
of time e » 4 + T, where the current hm fallen to sero, as 
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shown dotted in Fig. IIC. The area of this new voltage <!urve 
would be eoT, and since it is the same as that of t.h(' curve* e, as 
seen above, it follows that the area of the* voltage* curve c is 




= e„T, 
“ rivT , 




and, combining (2) and (3), io canee'ls, and we get the* value! <»f T: 



( 4 ) 


That is, the initial decrease of e!urrent, and the're*fe)re> ejf mag- 
netic flux and of induced ve)ltage, is such that if the* <lf>cre>ase‘ 
continued at the aame rate, thee current, Ilux, anel veiltage* wenild 

L 

become zero after the time T » - • 

r 

The total induced voltage, that m, voltage timen time, and 
therefore also the total current ami magiu*tie flux during tin* 
transient, are such that, when maintaimxl at their initial value, 

they would last for the time T « 

T 

Since the curves of current and voltage! theon'tically lu'ver 
become zero, to get an estimate of tin* duration of tin* transient, 
we may determine the time in which the trajisi«‘nt decr<*as 4 ‘s to 
half, or to one-tenth, etc., of its initial value. It is preferalile, 
however, to estimate the duration of the transient by the t itne 7*. 
which it would last if maintained at its ijiitial valtie. That is, 

the duration of a transient is considered as the t ime T'=>^ 

r 

This time T has frequently luHin called tlw* “ time <!onst,ant " 
of the circuit. 

The higher the inductance L, the longer tlm transient la.Hl.s. 
obviously, since the stored energy which the transient dissii>ates 
■is proportional to L. 

The higher the resistance r, the shorter is the duration of t in' 
transient, since in the higher rmstanee the stortwl tsnergy' is autre 
rapidly dissipated. 

Using the time constant T - - as unit of length for the ahscissa, 

and the initial value as unit of the ordinates, all exfmnential 
transients have the same shape, and can thereby (amstrueted 
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by the numerical values of the exponential function, y = 
given in Table III. 


TABLE III. 

lOxpoiiont.iiil '■I'ransicnt, of Initial Value 1 and Duration 1. 
y = « = 2.71828. 


X 

V 

X 

V 

0 

l.OOO 

1.0 

0.308 

0 05 

0.951 

1.2 

0.301 

0. 1 

0.905 

1.4 

0.247 

0,15 

O.HOO 

1.0 

0.202 

0.2 

0.819 

1.8 

0.105 

0.25 

0.779 

2.0 

O.IM 

0,3 

0.741 

2.5 

0.082 

0.35 

0.705 

3.0 

0.050 

0.4 

0.070 

3.5 

0.030 

0.45 

0.038 

4.0 

0.018 

0.5 

0.007 

4.5 

0.011 

0.0 

0.549 

5.0 

0.007 

0.7 

0.497 

0.0 

0.002 

O.S 

0.449 

7.0 

0.001 

0.9 

0.407 

8.0 

0.000 

1.0 

0.308 




1 




As H('en in Is'cture 1, the (wfliciont of the exponent of the 
single-energy iransit'ut, c, is e<iual to where T is the projection 
of the tang('nt at tlu' starling moment of th(A transient, as shown 
in Kig. 11, luid by «'(iuation (4) wjis found ('(jual to-. That is, 

T 

1 r 

aa y ' 


an<l the equations of the singh'-energy magnetic transient, (1), 
thus may be written in tin* forms: 


“•**(( — / I 

<{, SB <!>,,* T t, 

i *= *=■ /o« “ lo« 

- r a - n t’ 

(• => C(i« ‘ '* aa Cot ' = f Ot '' 


(ri) 


Usually, the starting moment of the transient is chosen as the 
z<‘ro of timt>, to = 0, and ecjuations (f>) then assume the simpler 
form: 
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^ t _ rr 

$ = ct = T = 

i = io«~ =“ j’o* “ * 0 * ^ 

_ < _rl 


( 6 ) 


The same equations may l)C derived directly by the inteRratioti 
of the differential equation: 

if + ri-O, (7) 

where L ^ is the inductance voltage, n the resistance voltage, 
at 

and their sum equals zero, as the coil is short-c-ircuited. 

Equation (7) transposed gives 



hence 

T 

logi ass — y t + logC, 


i »" Ct 



and, as for < = 0 : i 


to, it is: C am tj; hence 



14 . Usually single-energy transients last an appreciable time, 
and thereby become of enpneering importance, only in highly 
inductive circuits, as motor fields, magnets, etc. 

To get an idea on the duration of such magnetic transients, 
consider a motor field: 

A 4 -polar motor has 8 ml. (megalines) of magtmtie flux jKir 
pole, produced by 6000 ampere turns m.m.f. per polo, anti dissi- 
pates normally 500 watts in the field excitation. 

That is, if fo = field-exciting current, n ■■ numl>er of field turns 
per pole, r = resistance, and L - inductance of the field-exciting 
circuit, it is 


ioV »■ 500, 
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The magnetic flux is <E>o = 8 X 10®, and with 4 n total turns 
the total numl)er of magnetic interlinkages thus is 

4 who = 32 n X 10“, 

hence the inductance 

, 4m4>o 10-» .32 n, 

L = = — henrys. 

io i 0 


The field excitation is 

nil) = 6000 ampere turns, 

6000 


hence 

hence 

and 


n 


^l> 


r .32 X 6000 , 

£, ss ~ henrys. 


L 1920 „ „ . 

T =• -....r = 3.84 sec. 

r 500 


That is, the aton'd mugneti(r ('uergy could maintain full field 
excitation for tiearly 4 seconds. 

It is interesting to note' that tlu^ duration of the field discharge 
does not depend on the voltag(', current, or size of the machine, 
but merely on, first, the magnetic flux and m.m.f., — which 
determine the ston'd magnetic eru'rgy, — an<l, second, on the 
excitation power, which determiiu's the rate of energy dissipation. 

IS- Assunu' now that in the moiiH'nt where the transient be- 
gins the nssistancui of tlu^ (Htil in Fig. 10 is increased, that is, the 
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coil is not ahort-circuittal u|M)n itself, but its circuit closed by a 
resistant'c r'. Huch would, for instance, be the case in Pig. 12, 
when optming the switch S. 
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The transients of magnetic flux, current, and voltage are shown 
as A, B, and C in Fig. 13. 

The magnetic flux and therewith the current dt'creasc' from the 
initial values and io at the moment to of opening the switch B, 
on curves which must be steeper than those in Fig. 1 1 , .sincu' the 
current passes through a greatc^r re-sistaiu^e, r + r', and therol)y 
dissipates the stored magnetic energy at a greater rate. 



Fig. 13. — Characteristics of Magnetic SingliM'nergy 'rransieiil. 

The impressed voltage co is withdrawn at the mouH'ut /o, aiul a 
voltage thus induced from this motrumt onward, of such value as 
to produce the current i through the resistance r + r'. In tin* 
first moment, to, the current is still I'o, and the indu(‘ed voltage 
thus must be 

eo' - io (r + r'), 

while the impressed voltage, before to, was 

eo “ for; 

hence the induced voltage eo is greater than the impressed volt- 
age Co, in the same ratio as the resistance of the dischargi* circuit 
r + r' is greater than the resistance of the coil r through wliich thts 
impressed voltage sends the current 

V ^ r A- r' 

6o T 
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The duration of the transient now is 

T T 

that iB, short('r in the sanae proportion as the resistance, and 
then'by tlu^ indinuHl voltap;(^ is higher. 

If r' = 00 , that is, no n^sistanee is in shunt to the coil, Init the 
circuit is simply op(‘n(Hl, if th(‘ opening were' instuntan(H)us, it 
would l)(^: Co' =00 ; that is, an infinite' voltage' we)ulel l)e inelucc'd. 
That is, the' insulatie)n e)f the' e‘e)il we)ulel he^ puiu'.ture'el and the 
circuit ede)se‘el in this maniie'r. 

TIh' mem' rapid, tlius, the' e)pe'ning of an ineluctive cireniit, the 
higlu'r is the' inelueu'el voltage', anel the' gre'ate'r the' dange'r of bre'ak- 
down. lie'ue'e' it is ne)t safe' to have toe) rapid edreuit-ope'ning 
elevice'S on inelue*tive cire’uits. 

Te) senne' c'xte'ut the' e‘ire*uit. pre)te'e*.ts itse'lf by an arc following the 
blaeU'S of the' e‘ire*uit-e)pe'ning swite'h, anel the'reby regarding the cir- 
cuit e)pe'ning. The' meire' rapiel the' nuH'hanical e)pe'ning of the 
Bwitedi, the higlu'r the' ineluce'el ve)ltage', anel furthe'r, there'fore, the 
arc fe)lle)ws the' swite’h blaeU's anel maintains the' circuit. 

i 6 . Siitiilar transie'uts as elise'usse'el above' e)e‘cur whc'u closing a 
circuit upe)u an iinpre'sse'el veiltage', or changing the' voltage, or the 
current, or the' rc'sistane'e' or inductane*(' e)f the' e*ircuit. A eliscus- 
sie)n of the infinite' varie'ty of possible' e'oml)inatie)ns obviously 
wejuld be' impossible. Howe've'r, thc'y (‘an all be' rc'due'e'd to the 
same' simple' case' discusse'd above', by conside'Hng that sc've'ral 
c'urre'nts, voltage's, magne'tic fluxe's, e*tc., in tlie' same' circuit add 
alge'lmuc'ally, without intf*rfe'ring with t'ae'h other (lissuming, as 
done' lu're', that magne'tie siituratie)n is not apimmelu'd). 

If an I'.mi, ti produce's a curri'id /i in a circuit, and an e.mi. 
produc'i'H in the' same' circuit a e'urre'nt h, them the e.m.f. ci + 
produe'C'S the* current #i f h, as is obvious. 

If now the volt^ige' ci + and thus also the' eurnuit i| + 4, con- 
sists of a pc'rmane'nt t-erm, ci and iu and a transii'nt term, et and 4, 
the traiiHii'iit f.i'mis r-j, 4 follow thc' same eurve's, when combined 
witli the permanent, terms ru 4 » the*y would when alone in the 
circuit (the' ease' above' diHcniHsc'd). Tims, thc* prc'cecling discus- 
sion applic's to all magnet ie* transie'nts, by sc'pfirating the transient 
from the iM'miani'nt. ti*rm, investigating it «::*parately, and then 
adding it t4) the pc*rmiitieiit term. 
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The same reasoning also applies to the transient resulting from 
several forms of energy storage (provided that the law of propor- 
tionality of i, e, etc., applies), and makes it possibh*, in inves- 
tigating the phenomena during the transition period of (uiergy 
readjustment, to separate the permanent and the transient term, 
and discuss them separately. 



Fig. 14. — Single-energy Starting Transient of Magnetic (lireuit. 

For instance, m the coil shown in Fig. 10, lot the short circuit A 
be opened, that is, the voltage eo be impressed upon the coil. At 
the moment of time, fo when this is done, current magnetic 
flux #, and voltage e on the coil are zero. In final condition, after 
the transient has passed, the values to, <>o, eo are reacluKl. We may 
then, as discussed above, separate the transient from the {Mirma- 
aent term, and consider that at the time fo the coil has a |>ormancnt 
jurrent to, permanent flux 4>o, permanent voltage <jo. and in atlHi. 
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tion thereto a transient current - to, a transient flux — 4>o, and a 
transient voltage —co. Th(vse transicuits arci the same as in Fig. 11 
(only with revc^rscul dinnition). Thus the sanu^ e.urv(‘s result, and 
to them are added the permanent values to, ‘ho, co- This is shown 
in Fig. 14. 

A shows the permanent flux ‘I>o, and the transient flux — ‘I>o, 
whi(di an' asstnned, up to the time to, to give the resultant sK'ro 
flux. Tin': transi('nt flux dic's out by th<^ <!urve ‘1>', in ae(;ordan(ui 
with Fig. 11. ‘h' a<lded to <I>o givc's the (airve whic.h is tlu^ tran- 

sient from z(TO flux (.o tiu' ix'rmaiwmt flux ‘l>o. 

In tlui sanu^ manner li shows the construction of the actual 
current change t by t,lu^ addition of the pcnnainurt (iurrent io and 
the transient current, i', which starts from —io at to. 

C tlu'n shows th(^ voltages relation: co the permam'nt voltage', c' 
the transient voltage' whie-h starts fre)m — e'o at. to, anel c the' re'- 
sultant or e^ffeadivc ve)ltage' in the eeoil, ele'rive'el by aeleling co anel e'. 



LECTURE IV. 


SINGLE-ENERGY TRANSIENTS IN ALTERNATING- 
CURRENT CIRCUITS. 

17 . Whenever the conditions of an (‘lectric (!ir<*iiit ar(' (‘iuinK<'d 
in such a manner as to require a chan^i' of stored energy, a transi- 
tion period appears, during which tlie stored (‘uergy adjusts itself 
from the condition existing Ix'fow' th(' chaug<‘ to (he eomlition 
after the change. The currents in the circuit during tht* transit ion 
period can be considered as (a)nsi.sting of tht' sojicrposition of 
the permanent current, corresponding to tlu' conditions after the 
change, and a transient current, which connects tlu' current valium 
before the change with that brought about by tlu' change'. 'Fhat 
is, if ii = current existing in tlu? circuit immediately befort', and 
thus at the moment of the change of circuit condition, and h ^ 
current which should exist at the moment of change in accordance* 
with the circuit condition after the (change, then t he act ual currejit 
ii can be considered as consisting of a part or comisment aiul a 
component ii — 4 = to. The former, h, is permaiu'ut, as result- 
ing from the established circ.uit condition, 'rhe curn'ut comiK)- 
nent to, however, is not i)roduc(?d by any j>ow(‘r supply, but is a 
remnant of the previous circuit condition, that is, a transient , and 
therefore gradually decreases in the matuu'r as discussed in para- 
graph 13, that is, with a duration T »« - • 

r 

The permanent current tj may be continuous, or alternating, or 
may be a changing current, as a transient of long duration, etc. 

The same reasoning applies to the voltage, magnetic flux, ett?. 

Thus, let, in an alternating-current circuit travers('d by <-urr<'nt 
ii, in Fig. 15A, the conditions be changed, at tlu? moment ( « 0 , 
30 as to produce the current fj. The insttmtaneous vahu? of the 
jurrent ii at the moment < = 0 can be considered as consisting 
)f the instantaneous value of the pcrman(?nt current it, shown 
lotted, and the transient to =■ ii — it. The latter gradually dies 

lown, with the duration T on the usual exponential tran- 
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sient, shown dotted in Fip;. 15. Adding ilu^ trunsi('nt (uirrent v'o 
to the p(Tmanent> (uirnnit /o giv(‘s th(‘ t-otal (‘urrc'nt. during tlu^ 
tninsition piTiod, wlii<‘h is shown in <lrawu lin(‘ in Fig. 15. 

As s(H‘n, th(^ transitnit is du(‘ to tlu' di{T(‘r(‘ne(^ i)(‘tw(Hni the 
iastantaiK'ous valu(‘ of th(^ (‘urreut /i whidi (‘xists, and tluit of 
th(^ (Uirrent h which should (‘xist. at th(‘ inoimnit. of change, and 




thus m till* larger, the greiitrr the liitTereiice lietweru tlir* two 
currents, tin* |iri*viiiirH niid ilie iiftiT current. It thus disiiiipeiirs 
if till* cliiiiigi* occurs lit tlii* when the twu riirreiits ij 

imcl 1*3 are ef|uiih us slioivn in Fig. 15/1. and n liiiixiiiiiiiii. if the 
change tiiTiifH iil the inoiiient wht*n the twn rurmits o iiiitl it 
have till* great<*si dilTeretire, us hIioW'ii in Fig. 151 ’, tliut in, itl ii 
fMiiiii iiiie-iniitrt‘r*r |nu*iiiii or IH) degrees ilislatil frtiiii itir iiitersiT- 
tkiii of ii liini i;i» 
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If the current ii is zero, we got the starting of the alternating 
current in an inductive circuit, as shown in Figs. 10, yl, H, C. The 
starting transient is zero, if the circuit is clos(‘d at the moment 
when the permanent current would Ire zero (Fig. 10/^), and is a 
mflYimnm when closing the circuit at the maximum point of the 
permanent-current wave (Fig. 10(0- 'I'he permam'iit (uirrt'ut ami 
the transient components are shown dotted in Fig. 16, and the 
resultant or actual current in drawn lines. 



B 




Fig. 16 . — Single-energy Starting Transient of Alt<>rnating-<mrrent ( 'irenit. 

i8. Applying the preceding to the starting of a balanced 
three-phase system, we see, in Fig. 17A, that in general tlu> threes 
transients 4“, and ta” of the three threw-phase currents I'u /'a, h 
are different, and thus also the shape of the thrws n'sultant 
currents during the transition period. Starting at the moment 
of zero current of one phase, ii, Fig. I71i, tliere is no transient for 
this current, while the tranaonts of the other two eurnmts, k 
and ii, are equal and opposite, and near their maximum value. 
Starting, in Fig. 17(7, at the maximum value of one current in, 
we have the maximum value of transient for this curwmt tj®, while 
the transients of the two other currents, and tj, are equal, have 
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half the value of fa", and are opposite in direction thereto. In 
any case, the three transic'nts must he distributed on both sides 
of the zero line. This is obvious: if o', tV, and fa' are the instan- 
taneous values of the permanent thrc'e-phase currents, in Fig. 
17, the initial values of their transients are: — f/, —it, —it'. 





Rince the sum of the three three-phase currents at every moment 
is zero, the sum of the initial valura of the three transient currents 
also is zero. Since the three transient curves fi“, fa", fa" are pro- 
portional to each other ^as exponential curves of the same dura- 
tion T - and the sum of their initial values is zero, it follows 
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that the sum of their instantaneous values must be zero at any 
moment, and therefore the sum of the instantaneous values of 
the resultant currents (shown in drawn line) must be zero at any 
moment, not only during the permanent condition, but also dur- 
ing the transition period existing before the permanent condi- 
tion is reached. 

It is interesting to apply this to the resultant magindac field 
produced by three equal three-phase magnetizing coils placed 
under equal angles, that is, to the starting of the three-phase^ 
rotating magnetic field, or in gcmeral any polyphase rotating 
magnetic field. 



Pig. 18. — Construction of Starting Transient of Rotating Field. 

As is well known, three equal magnetizing coils, placcnl under 
equal angles and excited by three-phase currents, produce a result- 
ant magnetic field which is constant in intensity, but revolves 
synchronously in space, and thus can be represented by a concen- 
tric circle a, Fig. 18. 

This, however, applies only to the permanent condition. In 
the moment of start, all the three currents are zero, and their 
resultant magnetic field thus also zero, as shown above. Since 
the magnetic field represents stored energy and thus cannot lie 
produced instantly, a transient must appear in the l)uilding up of 
the rotating field. This can be studied by considering 8t;parately 
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the permanent and the transient components of the three currents, 
as is done in tiui pr(>eeding. Ix?t W, i/, k' he tiic! instantaneous 
values of t.he pt'rmaneut currents at t.lu' moment of (dosing the 
cinniit, t — 0. (jomhitu'd, tlu'se would giv(! the rc'sultant field 
OAo in Fig. 18. 'I'lu! threes transient (uirrt'nts in this moment 
are /i" -•=—//, (V “—/•/, //, and (iomhiimd tlmse give a 

resultant fiedd Olin, eciuul and opposite' to OAa in Fig. 18. The 
jM'rnuuu'nt field rotates synchronously on tlu? (ioncentrie. circle a; 
th(f transie'ut field Oli remains (amstant in the dirc'ction ~()Ba, 
ainc(^ all three' transient components of curre'ut eUicreease in jffopor- 
tion to each otlu'i'. It decre'ase's, however, with the decreases of 
thee transie'iit curre'ut, that is, shrinks toge'the'r on the lino ifj). 
The resultant or actual fie-ld Jims is the combination of the pe'r- 
manent. fields, shown eisf^/li . . . , and the transient fields, 
shown as Olh, ede;., and de'rived tlu're'by by the i)arallolo- 
gram law, as shown in Fig. IH, as (H\, ()(\, e'tc. In this diagram, 
B\(h, B-iC'M nte!., are ('((ual to fMi, fhda, e'tc., that is, to the radius 
of the; p(;rmane>nt circle* a. That is, while the rotating field in 
pe'rmanent condition is re'j)r('ae'nte'el by the conce'iitric circle a, 
the; re'Hultant fiedd during the transient or starting i)(;rioel is repre- 
se'tited by a succc'ssion of arcs of circle's c, the; eee'nte'rs of which 
move; fre^m Ho in the mome'nt of start, on the line JJuO toward 0, 
anel e’an be cemstructeel lie're'ley by drawing freem the suce;e*.ssive 
pe)inf,s Ho, Ih, Hs, which e'orre'siM)nel to sue;e;t;asive moments of 
time; 0, <i, <2 . . . , radii BiCi, under the angle's, tliat is, 

in the; direction eorre'siainding to the' time 0, ft, fa, etc. This is 
done; in Fig. U), and th(;re*liy tho transient of the rotating field 



Big. 10. — Starting Transient of Rotating Held: Polar B’orm. 
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From this polar diagram of the rotating field, in Fig. 19, values 
OC can now be taken, corresponding to su(;c.('S8ive moments of 
time, and plotted in rectangiilar (loordimites, as done' in Fig. 20. 
As seen, the rotating field builds up from zero at th(‘ motrunit of 
closing the circuit, and roaches the final vahu' by a s('ri<'s of oscil- 
lations; that is, it first reaches Iteyond the pt'nnaru'ut value, then 
drops below it, rises again beyond it, etc. 



Fig. 20. — Starting Transient of Rotating Field; Heclungular Form. 

We have here an oscillatory transient, itroduced in ti system 
with only one form of stored energy (rnagnetit; energy), liy the 
combination of several simple exponential transients. How- 
ever, it must be considtred that, while energy’ can he stored 
in one form only, as magnetic energy, it can ht^ stored in thre<( 
electric circuits, and a transfer of stored magnetic energj' Ix'tween 
the three electric circuits, and therewith a surge*, thus can 
occur. 

It is interesting to note that the rotating-field transient is 
independent of the point of the wave at which tlu! cir<’uit is 
closed. That is, while the individual transi(mts of the thn'i^ 
three-phase currents vary in shape with the point of tlu* wav(> at 
which they start, as shown in Fig. 17, their polyiihaw' r(‘sultant 
always has the same oscillating approach to a uniform nttating 

field, of duration T = — ■ 
r 

The maximum value, which the magnetic field <luring the transi- 
tion period can reach, is limited to less than d()ul)le tlie final value*, 
as is obvious from the construction of the field, Fig. 19. It is 
evident herefrom, however, that in apparatus containing rotating 
fields, as induction motors, polyphase synchronous machines, etc., 
the resultant field may under transient conditions reach nearly 
double value, and if then it reaches far above rnapietic saturation, 
excessive momentary currents may appear, similar as in starting 
transformers of high magnetic density. In imlyphas*^ rotary 
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apparatus, however, these momentary starting currents usually 
are far more limited than in transformers, by the higher stray field 
(self-inductive reactance), etc., of the apparatus, resulting from 
the air gap in the magnetic circuit. 

19. As instance of the use of the single-energy transient in 
engineering calculations may be considered the investigation of 
the momentary short-circuit phenomena of synchronous alter- 
nators. In alternators, es])ecially high-speed high-power ma- 
(ihincs as turboalternators, the momentary short-circuit current 
may be many time's greater than the final or permanent short- 
circuit current, and this exea'ss curn'iit usually diaireuises fairly 
slowly, lasting for many cyeih's. At the same^ time, a big cur- 
rent rush oeunirs in the fu'ld. This excess fiehl current shows 
(iurious pulsations, of single and of doulehi frequency, and in 
tlie beginning tlu^ armateire currents also show unsymmetrical 
shapes. Some oscillograms of thr('('-phase, quarter-phase, and 
single-phase short circuits of turboalternators are shown in Figs. 
25 to 28. 

By considering the transients of energy storage, these rather 
complex-ai)pearing phenonu'iia can l)c easily understood, and pre- 
detc^rmituHl from the constants of the machine with reasonable 
exactn<'ss. 

In an alternator, the. voltage under load is affected by armature 
reaction and armature self-induction. Under permanent condi- 
tion, both usually act) in the same way, reducing the voltage at 
nouindu(ttiv(i and still much more at inductive load, and increasing 
it at antiindu(!tiv<^ load; and both are usually combined in one 
quantity, tln^ synchronous reactance Xq. In the transients result- 
ing from cir(;uit changes, as short circuits, the self-inductive 
armatur(i r('a<^tanc(' and the magnetic armature reaction act very 
diff('r(*ntly:* tlui former is instantamious in its (^ff(!ct, while tlie 
latter reciuires time'. Tln^ self-inductive annature reactance Xi con- 
sumes a voltage! Xii l)y th<! magm!tic flux surrounding th<! armature 
conductors, whicli r(!Hults from the m.m.f. of tlu' armature! cur- 
rent, and therefore! reeiuireis a ciomponent of the magnetic-field flux 
for its production. As tlie annature magne'tic flux and the current 
which produces it must be simultaneous (the former being an 
integral part of the ph(!nomenon of current flow, as seen in Ixscture 
II), it thus follows that the annature reactance appears together 
* So also in their effect on synchronous operation, in hunting, etc. 
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with the armature current, that is, is instantaneous. Tiie arma- 
ture reaction, however, is the m.rn.f. of the armature eurr(uit in its 
reaction on the m.rn.f. of the field-exciting current. Tluit is, that 
part X2 = Xq — Xi of the synchronous reactaiuu^ which (U)rresponds 
to the armature reaction is not a tru(^ rea(‘.tan(‘.e at all, consumes 
no voltage, but represents the consumi)tion of field ampcTt^ t.urns 
by the m.rn.f. of the armature curnait, and tlie (H)rr(\sponding 
change of field flux. Since, however, the fu'ld flux r(‘pr(\s(mts 
stored magnetic energy, it cannot change inst.antly, and arma- 
ture reaction thus does not appear instantan(H>usly wit h t in' arma- 
ture current, but shows a transient which is det(‘rmin(‘d (‘sscmt ially 
by the constants of the field circuit, that is, is the counterpart of 
the field transient of the machine. 

If then an alternator is short-cununted, in tlie first moment only 
the true self-inductive part Xi of thc^ syiudironous rea(‘tanct* (‘xists, 

and the armature current thus is u =» — , wla^n^ co is th(‘ inductnl 

e.m.f., that is, the voltage corresponding to tlu^ magnt'ti(‘-fi(‘ld 
excitation flux existing before the short (dreuit. Gradually tlu^ 
armature reaction lowers the field flux, in tlu^ mamur as n^pre*- 
sented by the synchronous reactances Xo, and tlic shortHdreuit (nir- 

rent decreases to the vahu^ to - — • 

Xq 

The ratio of the momentary short-circuit current to th(' [)c‘rma- 

nent short-circuit current thus is, approximahdy, thcM'at io 

that is, synchronous reactance to solf-iuductivc reactances or 
armature reaction plus armatun^ 8clf-in(lu(!tion, to annature 
self-induction. In machines of relatively low Hclf-induct ion 
and high armature reaction, the momentary short-circniit cur- 
rent thus may be many times the permanent short-ijirtnut 
current. 

The field flux remaining at short circuit is that giving the volt- 
age consumed by the armature self-induction, while tlui dejirease 
of field flux between open circuit and short circuit corresijonda to 
the armature reaction. The ratio of the open-circuit field flux to 
the short-circuit field flux thus is the ratio of armature n>a(’ti(>n 
plus self-induction, to the self-induction; or of the synchronous 

reactance to the self-inductive reactance: — • 

Xi 
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Thus it is: 

moineuta ry s hort-c ircuit current _ op en-circ uit field flux * __ 

permanent short-circuit current short-circuit field flux ” 
armature reacti on plu s self-induction _ synclnonous reactance __ ^ 
seif-induction sclf-inductive reactance Xi 

20 . Let = field flux of a three-phase alternator (or, in general, 
polyphase altc^rnator) at open circniit, and this alternator be short- 
circuited at tlu’: time t = 0. The fi(^ld flux then gradually dies 
down, by th(‘ dissi])ation of its energy in the fu^ld circuit, to the 
short-(urc,uit fi(‘ld flux <I>o, as indicated by the curve in Fig. 21 A. 
If m = ratio 

armature reaction plus self-induction _ ^ 
armature self-induction Xi^ 

it is tlu^ initial value of the field flux consists of the 

permanent part <ho, and tlu^ transient part fl>' = <I>i — ^I>() == (m— 1) 
<t>o. This is a rather slow transient, frequently of a duration of a 
second or more. 

Tlu^ armaturci cairronts b, ? 2 , H are proportional to the field flux 
<I> whicih produces them, and thus gradually decrease, from initial 
values, whi(;h are as many times higher than the final values as 
is higlu'r than or m times, and an^ represented in Fig. 21 B, 

Thc‘ r('sultant m.m.f. of the armatun^ currents, or the armature 
redaction, is proportional to the currents, and thus follows the same 
field transient, as shown l)y F in Fig. 210. 

Tlu^ fufld-(‘xciting current is U) at o|)('n circuit as well as in the 
permamait (condition of short (^inafit. In the permanent condition 
of short circuit, tlK‘ fudd current to coml)ines with the armature 
reaction Fo, which is d(muigneti55ing, to a resultant m.m.f., which 
produ(u\s th(^ short-circniit flux <I>o. During the transition period 
the field flux is higluT than d>o, and the resultant m.m.f. must 
therefore bc^ higlu'r in the same proportion. Sin(‘e it is the dif- 
fereiu:e between tlie field current and t\m armature reaction F, and 
the latter is proportional to d>, the field current thus must also be 

* If the machine were open-circuited before tine short circuit, otherwise 
the field flux existing Ixifore the short circuit. It herefrom follows that the 
momentary short-carcuit current essentially depends on the field flux, and 
thereby the voltage of the machine, before the short circuit, but is practically 
independent of the load on the machine l)efore the short circuit and the field 
excitation corresponding to this load. 
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proportional to Thus, as it is i = u at 4>o, duriti}? the transition 

period it is t = — ^o- Hence, the field-('xcitiuff (iurnnit travers(‘s 

the same transient, from an initial value io' to tlu' normal value ?oi 
as the field flux 4> and the armature currcnits. 


A 


-l‘o 


% T„ 




E 


Fig. 21. — Construction of Momentary Hhort Circuit Characteristic of Poly- 
phase Alternator. 

Thus, at the moment of short circuit a sudden rise of field 
current must occur, to maintain the field flux at the initial value 
$1 against the demagnetizing armature reaction. In other words, 
the field flux 4> decreases at such a rate as to induce in the field 
circuit the e.m.f. required to raise the field current in the propor- 
tion m, from io to io', and maintain it at the values corresponding 
to the transient i, Fig. 21D. 

As seen, the transients ii, 4, tj; F; i are proportional to each 
other, and are a field transient. If the field, excited by current to 
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at impressed voltage eo, were short-cdrcuited upon itself, in the 
first moment the currcmt in the field would still be 7 - 0 , and there- 
fore the voltage eo would have to be induced by the decrease of 
magnetic; flux; and the duration of the field transient, as discussed 

in L(H;ture HI, would be To = -- • 

ro 

The fi(;ld current in Fig. 21/), of the alternator short-circuit 
transient, starts with the; value; /o' = mio, and if Co is the e.m.f. 
supplied in the; fic'ld-exciting (‘.ircuit from a source of constant 
voltage supply, as the; (^xcit(;r, to produce the (‘.urrcait /o', the 
voltage; Co' = nico must be acting in the field-exciting c;ircuit; tliat 
is, in addition to the e;e)nstant e;xe;iter voltage; Co, a voltage; {m — l)eo 
must be; induced in the; fie^lel cireaiit by tlu; transient of the mag- 
netic flux. As a transient of duration — induces the voltage co, 

ro 

to induce the voltage (m — l)co the duration of the transient must 
be 

(rii- 1 ) 7 ;/ 

where Lo = inductance, ro = total rc'sistance of field-exciting cir- 
eaiit (ine;lusive of external re‘sistane;e). 

The‘ short-circ.uit. transient of an alternator thus usually is of 
shorter duration than tlic; short-circuit transi(;nt of its field, the; 
more so, the; greait.er m, that is, the^ larger the ratio of momentary 
to permanent short-(;ire;uit curremt. 

In Fig. 21 the' el(;c.re'ase' of the tranHi(;nt is shown greatly exagger- 
ated compared with the' fre'e|U('ncy of the' armature' curremts, and 
Fig. 22 shows the' eairve's more imarly in tlu'ir actual proportions. 

The; preceding would re'pre'sent the; short-e;ire;uit phe'nomema, if 
tlit're were' no armature; transie'nt. llowcve'r, the; armature eir- 
eaiit contains induefl.aneu; also, that is, stores magne;ti(; c'nergy, and 

L 

tluTcby givoH rtsc' to a trunsiont, of duration T — where L — 

inductance, r = resistances of armatures circuit. Tlu; armature 
transitmt usually is v(!ry much shorter in duration than the field 
transient. 

The armat.tire (‘.urnmts thus do not instantly assume their 
symmetrical alternat.ing values, but if in Fig. 21B, ii, i/, i$' are 
tlu^ instantaneous vahies of the armature currents in the moment 
of start, t — 0, thre<‘ transients are superiwsed upon theses, and 
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start with the values -ii', -it, -iz- The resultant armature 
currents are derived by the addition of these armature transients 
upon the permanent armature currents, in tlu^ manntir as dis- 
cussed in paragraph 18, except that in the present casc^ even the 
permanent armature currents ii, it, is arc slow transiemts. 

In Fig. 22J5 are shown the three armature short-circmit <turr(‘nts, 
in their actual shape as resultant from the armature transiemt 
and the field transient. The field transient (or rather its begin- 
ning) is shown as Fig. 22.4. Fig. 22B gives the three armature 



Fig. 22. — Momentary Short Circuit ClmructcriHtic of 'rirn'c-pluiHO 
Alt(iniutor. 

currents for the case where the circuit is closed at the moment when 
ii should be maximum; ii then shows the maximum transient, and 
h and is transients in opposite direction, of half amplitude. These 
armature transients rapidly disappear, and the three (uirrents 
become symmetrical, and gradually decrease with the field tran- 
sient to the final value indicated in the figure. 

The resultant m.m.f. of three three-phase currents, or the arma- 
ture reaction, is constant if the currents are constant, and as the 
currents decrease with the field transient, the resultant armature 
reaction decreases in the same proportion as the field, as is shown 
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in Fig. 21(7 by F. During the initial part of the short circuit, 
however, while the armature transient is appreciable and the 
armature currentKS thus tmsymmetrical, as seen in Fig. 225, their 
resultant polyphase m.m.f. also shows a transient, the transient 
of the rotating magnetic field discusscKl in paragraph 18. Tiiat is, 
it approa(ihes thc^ (uirve F of Pig, 21(7 by a scries of oscillations, 
as indicated in Fig. 215. 

Since tlu^ resultant m.m.f. of the machine, which produces the 
flux, is the diff(‘r('n(;e of the field excritation. Pig. 2lD and the 
armature rea(?tion, Hum if tlu' armature n'ac^tion shows an initial os- 
cillation, in Fig. 215, tlu^ field-('xc.iting current must givc^ the same 
oscillation, sinc(^ its m.m.f. minus the armature reaction gives the 
resultant fu'ld excritation corresponding to flux The starting 
transient of the polyphase armature rea(‘-tion thus appears in the 
field current, as shown in Fig. 22f^, as an oscillation of full machine 
frequency. As tlu^ mutual iudu(dlon Ixdwecui armature and field 
circuit is not p('rf(‘c.t, tlu^ transient pulsation of armature reaction 
ap|)ears with nxlinuxl amplitude in the fu‘ld (mrrent, and tins 
rt'duction is tlu^ gr(mt(^r, tlu^ poorer the mutual inductance, that 
is, the mon^ distant the field winding is from the armature wind- 
ing. In Fig. 22C a damping of 20 p(‘r (tent is assumed, whitth 
corresponds to fairly good mutual induc.taiute Ixdween field and 
armature^ as m('t in turl)oaIt(Tuators. 

If tlie field-ex(titing cinuiit contains iuductamte outside of the 
alternator fu‘ld, as is always the c.as(^ to a slight extent, the pul- 
sations of tint fi('ld c.urnmt, Fig. 220^ an^ slightly reduced and 
delayed in phascq and with (X)nsi(l(‘rablo indiuttanc-e intcmtionally 
insetrted into thet fudtl (tirctuit, th(^ effect of this inductance would 
re(|uire consid(‘ration. 

From th(‘ constants of the alternator, the momentary short- 
circuit charact('risti(5S can now be constructed. 

Assuming tliat tlu^ duration of tlie fudd transient is 


To 


U 

{m — l)ro 


1 sec., 


the duration of tin* armatun^ transient is 



.1 sec. 


And assuming that the armature redaction is 5 times the armature 
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self-induction, that is, the synchronous reactance is G times tlu; self- 
inductive reactance, - = m = 6. The frequency is 25 cy(il(>s. 

Xi 

If $1 is the initial or open-circuit flux of the macihine, tlu' short- 

circuit flux is <E>o = ” = ^ 4'i, and the field transient <l> is a tran- 
rn o 

sient of duration 1 sec;., connecting <I'i and d’o, Fig- 22^, uqire- 
sented by the expression 

= <i>o + ~ 

The permanent armature currentH 'k, is then are e.urrents 

starting with the values m — , and decreasing to the final short- 

^0 

circuit current — , on the field transient of duration 1\) tlu^se 

currents are added the armature transients, of duration Tj which 
start with initial values equal but opposite in sign to the initial 
values of the permanent (or rather slowly transi(uit) armature 
currents, as discussed in paragraph 18, and tluTehy give the asym- 
metrical resultant currents, Fig. 22/i. 

The field current i gives the same slow transimit as the flux <l>, 
starting with io = mio, and tapering to tlie final value to. Upon 
this is superimposed the initial full-freqiumey ])ulsation of thc^ 
armature reaction. The transient of the rotating fiedd, of duration 
r = .1 sec., is constructed as in paragraph 18, and for its instan- 
taneous values the percentage deviation of the r(‘sultant fudd 
from its permanent value is calculated. Assuming 20 p(‘r cent 
damping in the reaction on the field excitation, the instantaneous 
values of the slow field transient (that is, of the curremt {i — lo), 
since io is the permanent component) then are increased or de- 
creased by 80 per cent of the percentage variation of tht^ transiemt 
field of armature reaction from uniformity, and thereby thc^ field 
curve, Fig. 22C, is derived. Here the correction for tlie external 
field inductance is to be applied, if consideral)le. 

Since the transient of the armature reaction does not depend 
on the point of the wave where the short circuit occurs, it follows 
that the phenomena at the short circuit of a polyphase alternator 
are always the same, that is, independent of the point of thc^ wave 
at which the short circuit occurs, with the exception of the initial 
wave shape of the armature currents, whi(di individually depend 
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on the point of tlui wavc^ at wliich the pluaioinenon begins, but not 
so in their resultant (4focit. 

21. The (jonditions with a singh'-pluiKse short circuit are differ- 
ent, sin(‘.e th(^ siugl(‘.-phase armature redaction is pulsating, vary- 
ing betwecni z(‘ro and doul)Ie its average value, with double the 
machine frcKpiency. 

Tlie slow fi(dd transient and its effecits are the same as shown in 
Fig. 21, A to /). 

H()wev(T, th(^ ])ulsai.ing armatim^ reacd/ion producers a corre- 
sponding ])ulsation in the fiehl circuit. This pulsation is of doubk^ 



Mg. 23. — Bymnu^trifal Moaa^ntary Singl<‘-i)haH 0 Short, ('inuiii of Alternator. 


frequ(uic!y, and is not transiemt, but (Hjiially exists in the final short- 
circuit cnirnmt, 

Purtfiermorc‘, thc^ armature transitmt is not constant in its 
reaction on thc^ field, but varies with the point of the wave at 
which thci short circniit starts. 

Assunu^ that tlie short einniit starts at that point of the 
wave wherc^ tlu! pc^rmanent (or ratlu^r slowly transient) annature 
current should be* 55(^ro: then no armature transient exists, and 
the armattire cnirrcnut is symmetrical from the l)eginning, and 
shows the slow transient of the field, as shown in Fig. 23, where A 
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is the field transient ‘l> (the same as in Fig. 22 A) and B the arma- 
ture current, decreasing from an initial value, winch is rn times 
the final value, on the field transient. 

Assume then that the mutual induction between field and 
armature is such that 60 per cent of tlie pulsation of armature 
reaction appears in the field current. Forty per cent damping for 
the double-frequency reaction would al)out correspond to tlu^ 20 
per cent damping assumed for the transient full-frecuumcy pulsa- 
tion of the polyphase machine. The transicmt field eurnmt thus 
pulsates by 60 per cent around the slow field transient, as shown 
by Fig. 23C; passing a maximum for every maximum of armature 



Fig. 24. — Asymmetrical Momentary Bingk^-phaso KShort Circuit of Alternator. 


current, and thus maximum of armature remetion, and a minimum 
for every zero value of armature current, and thus armature reac- 
tion. 

Such single-phase short-circuit transients have occasionally IxMm 
recorded by the oscillograph, as shown in Fig. 27. Usually, how- 
ever, the circuit is closed at a point of the wave where the p(>srma- 
nent armature current would not be zero, and an armature transient 
appears, with an initial value equal, but opposite to, the initial 
value of the permanent armature current. This is shown in 
Fig. 24 for the case of closing the circuit at the moment where the 
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armature cAirrent Bhould ho a maximum, and its transient tlms a 
maximum. Th(‘. field transic'nt <l> is tlu^ same as before. The 
armature cumuit shows the initial asymmetry resulting from the 
armature transient, and sup('rimpos(‘d on the slow field transient. 

On the fic4d current, which, due to the single-phase armature 
reaction, shows a pc^rmanent douhl(‘-fre(iueucy i)ulsation, is now 
superim])()sed tlu^ transi(‘nt full-fn^pu^ncy pulsation r(‘sultant from 
th(^ trausi(ait armat.un^ r(‘a<4Jon, as discusscnl in |)aragraph 20. 
Every sc^cond ])(‘ak of th(‘ permanent doublofreqiu'ncy pulsation 
them c()iu(*.ides wit-h a pvak of tlu^ transient full-fre(|uency pulsa- 
tion, and is tlu'n^by inc.reas(‘d, whil(‘ tlu' int(‘rmediate peak of the 
double-fre(pien(‘y pulsation (^oiiu^idc^s with a minimum of the full- 
fr(‘quen(\y pulsation, and is tlierc'by hhIikuhI. Tlu' result is that 
su(*.(‘(‘ssive wav(‘S of tlu^ doubl(^4r(H}U(‘U(\y pulsation of the field 
current an^ ime(|ual in amplitude, and high and low pc^aks alter- 
nat(\ The dilT(U‘('nc(‘ lK‘iw(‘en successiv(‘ doubl(‘-fr(‘(iu(‘ncy waves 
is a maximum in t.h(‘ l)(‘ginniug, and gradually d(‘(*reaHC's, due to 
the d(‘(*r(‘as(‘ of t.h(‘ i.ransicmt full-frcHiueiu^y ])ulsation, and finally 
the doubl(‘“fr(Miu(‘n(‘y i)ulsation becjonu's symmcdric^al, as shown in 
Fig. 24C. 

In th(‘ particular instniuH^ of Fig. 2*1, tlu' doubk^-frequency and 
the full-fn‘(ju(‘ncy p(‘aks coincide^, and tlu‘ minima of the field- 
curn'ut (‘urvt‘ thus ar(‘ Hymm(‘tri(‘al. If th(‘ circuit were closed at 
another pennt of tln^ wav(% the doubk^-fretiiuuu^y minima would 
becomes un(‘(|uai, and tin* maxima more newly (‘(jual, as is easily 
s(Hm. 

Whik‘ tlu‘ fu^d-t^xciting cnirnmt is pulsating in a manner deter- 
mined l)y tlu‘ f\iII-fr(H|uen<‘y transiemt and doubk^-frequency per- 
manemt armature rc*ac‘tion, the pot(mtial difftTence across the 
fuid winding may |)ulsate less, if litik' or no exb^rnal rc^sistance 
or inducdancc' is prt'stmt, or may pulsate so as to l)e nearly alter- 
nating and many iimt's lugluT tlian the* c*xc*itt*r voltage, if consid- 
(‘rabk* c*xt(*rnal rc^sistance* or induct anec^ is pre^sent; and therefore 
it is not (tharactc'risiic of the phenomenon, but may become impor- 
tant by its disruptive efT«*cts, if readying very high values of voltage. 

Witli a singIe-|)haHe sliort einniit on a polyphase machine, the 
doul)le-frequtmcy pulsation of the fu*ld resulting from the single- 
phast^^ armature reaction inducc*s in the machine i>hase, which is 
in quadrattire to the short-sdrcuitcHl phas(% an e.m.f. which con- 
tains the freciuencies /(2 db 1), that is, full frequency and triple 
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frequency, and as the result an increase of voltage and a distor- 
tion of the cpiadrature phas(i occurs, as shown in the oscillogram 
Fig. 25. 

Various monientary short-circ.uit phenomena are illustrated by 
i,he osc'.illognuns Figs. 2() to 28. 

Figs. 2()/l and 2i)B show iho monientary threc^-phase short cir- 
cuit of a 4-polar 25-(‘.ycl(^ 150()-kw. stc'arn turl)ine alternator. The 



Fig. 20/1 . (’ 1 ) 0000 . Syauuet ric’.al. 



Fig. 20B. CD0097. — AHyminetrieal. 

MenK’rit ary ''rhr(H*»plum(‘ Short ('irciiit of lf)00»Kvv. 20()0-Volt ThreophiirrO 
Alternator (atii 4 IT)(H) IHOO). ()H<411()graiim ()f Arinaturt^ C’urrent and FkFl 
(.hirrt»nt. 

low(‘r curve* givc'S \hv tnmsitmt of the* fi(*ld-<‘xciting current, tlie 
upper curve* that of oiu^ of the armature* curremts, — in Fig. 2(L4 
that curremt wlu(»li should ht* ne*ar s5(‘ro, in Fig. 268 tliat wlu(4i 
sliould be* n(*ar its maximum value* at tlie mom<*nt where the short 
circuit starts. 

Fig. 27 show's the single-pliase* short circuit of a pair of machine's 
in which the short cire*uit o(*curn»d at the* moment in which the 
armature short*»(‘ircuit <*urrent should be 7.ero; the armature cur- 
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rent wave, therefore, is symmetrical, and the field current shows 
only the double-frequency pulsation. Only a few half-waves were 
recorded before the circuit breaker opened the short circuit. 



Fig. 27. — cd5128. — Symmetri<!!il. Monicntnry Singlo-phaHc Siiort Circuit 
ot Alternator. Oscillogram of Armature Current, Armature Voltage, 
and Field Current. (Circuit breaker opens.) 



Fig. 28. — cd6565. — Asymmetrical. Momentary Single-plurae Short Circuit 
of 6000-Kw. 11,000-Volt Three-phase Alternator (ATB-6-60tK)-600). 
Oscillogram of Armature Current and Field Current. 

Fig. 28 shows the single-phase short circuit of a 6-polar 5000-kw. 
11,000-volt steam turbine alternator, which occurred at a point of 
the wave where the armature current should be not far from its 
maximum. The transient armature current, therefore, starts un- 
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symmetrical, and the double-frequency pulsation of the field cur- 
rent shows during the first few cycles the alternate high and low 
peaks resulting from the full-frequency transient pulsation of 
the rotating magnetic field of armature reaction. The irregular 
initial decrease of the armature current and the sudden change 
of its wave shape are due to the transient of the current trans- 
former, through which the armature current was recorded. 

Fig. 25 shows a single-phase short circuit of a quarter-phase 
alternator; the upper wave is the voltage of the phase which is 
not short-circuited, and shows the increase and distortion resulting 
from the double-frequency pulsation of the armature reaction. 

While the synchronous reactance Xo can be predetermined with 
fair accuracy, the self-inductive Xi is not such a definite quantity. 
It includes a transient component. The armature magnetic cir- 
cuit is in mutual inductive relation with the field-exciting circuit. 
At constant alternating current in the armature, the resultant 
of the armature m.m.f’s. and c.m.f’s. is constant with regard to 
the field, and the mutual inductance thus docs not come into 
play. During a transient, however, the armature conditions 
change, and the self-inductance of the exciting circuit is partly 
transformed into the armature circuit by the ratio of field turns 
to armature turns, giving rise to a transient effective component 
of armature self-induction, which depends on the relative rate of 
change of the armature and the field, and thereby is a maximum 
in the beginning, and gradually decreases to zero in stationary 
conditions. This tends to lower the maximum values of the field 
transients and to increase the duration of the armature tran- 
sients. This effect is materially affected by the amount of resist- 
ance and reactance in the exciting circuit outside of the field 
winding. 

There also exists a mutual inductance between the armature 
circuits of the three-phase machine, which results in an energy 
transfer between the phases, during the armature transient. 

The instantaneous power of the momentary short-circuit 
current, and with it the forces acting on driving shaft and prime 
mover, are proportional to the short-circuit current, being short- 
circuit current times magnetic field flux. The forces exerted be- 
tween the armature conductors — which tend to tear and strip 
the end windinp, etc. — are proportional to the square of the 
short-circuit current. 



LECTURE V. 


SINGLE-ENERGY TRANSIENT OF IRONCLAD 
CIRCUIT. 

22. Usually in electric circuits, current, voltage^ thc^ rnagu(‘ti(^ 
field and the dielectric field are proportional to vuvh otlu'r, and the 
transient thus is a simple exponential, if resulting froin one form of 
stored energy, as discussed in the preceding h^ctun^s. This, how- 
ever, is no longer the case if the magn(d.i(‘, field contains iron or 
other magnetic materials, or if the (liele(d.ri(^ field reaefiuss chmsitic's 
beyond the dielectric strength of the (‘arric^r of the field, cic . ; and 
the proportionality between current or voltage^ and their rt^spendave 
fields, the magnetic and the dielcKdric, thus (umis(\s, or, as it may be 
expressed, the inductance L is not constant, l)ut varies with the 
current, or the capacity is not constant, l)ut varices with th(‘ voltage. 

The most important case is that of the iron(‘lad magnetic* cir- 
cuit, as it exists in one of the most important ehad-rical ai)paratus, 
the alternating-current transfornuT. If tlu* iron magmdac^ eircaiit 
contains an air gap of^sufficient length, tlu^ magiud-is^ing forca^ (con- 
sumed in the iron, bedow magnetic saturation, is small (comparcul 
with that consumed in the air gap, and th(» magn(d.ic flux, tluTcdore, 
is proportional to the current up to tluc values wlu'n* magiudicc 
saturation begins. Below saturation values of current, the tran- 
sient thus is the simple (exponential discmssiHl Ix^forcc. 

If the magnetic circuit is closed entirely by iron, the magnetic 
flux is not proportional to the current, and the inductance thus not 
constant, but varies over the entire range of currents, following 
the permeability curve of the iron. Furthermore, tlie transient 
due to a decrease of the stored magnetic energy differs in shape 
and in value from that due to an increase of magnetic energy, since 
the rising and decreasing magnetization curves differ, as shown by 
the hysteresis cycle. 

Since no satisfactory mathematical expression has yet been 
found for the cyclic curve of hysteresis, a mathematical calcula- 
tion is not feasible, but the transient has to be calculated by an 
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approximate step-by-step method, as illustrated for the starting 
transient of an alternating-current transformer in “ Transient Elec- 
tric Phenomena and Oscillations,^’ Section I, Chapter XII. Such 
methods are very cumbersome and applicable only to numerical 
instances. 

An approximate calculation, giving an idea of the shape of the 
transient of the ironclad magnetic circuit, can be made by neglect- 
ing the difference between the rising and decreasing magnetic 
characteristic, and using the approximation of the mag^il^ char- 
acteristic given by Frohlich’s formula: 

whi(di is usually reprciscmted in the form givi 

X 




a + o-X; 


( 2 ) 


by Kenr 

I a.’S 

■ 

that is, the relu(;tivity is a linear function of tlur^ekbrnlensity. 
It gives a fair approximation for higher magnetic j^j^nsitf^li 
This formula is l)as(Hl on the fairly rational assupfipti^h ihat the 
permeability of the iron is x)roporti()nal to its^lnai^ing n^metiza- 
l)ility. That is, the magnetic-flux density 
nent X, the field intensity, which is the flus 
a component (ft' = (R — X, which is the ai 
(;arried by the iron. Cft' is frequently cal| 
density,” With iiu^nuising X, (ft' reaches 
which in iron is about 

Cft^' = 20,000 lin* per cml^^. ^ 

: ‘ ^ % 

At any density Cft', the remaining magneti 2 ;ability then is 
Cft^'— (ft', and, assuming the (metallic) permeability as proportional 
hereto, givers 

M = c((ft« 

and, substituting 


|)ns>|ts of"s4ompo- 
Insii^in-sp^cc, and 
tional fl|jix.^lcnsity 
I the n^^lic-flux 
lite lim MM value, 


(ft'), 


(ft' 

~ ac'’ 


gives 


(jj' = 

1 + c5C'’ 

* See ‘‘On the Law of Hyeterems,” Part II, A.I.E.E. Transactions, 1892, 
page 621. 
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or, substituting 

1 1 

gives equation (1). 

(El 1 

For X = 0 in equation (1), ; for X = oo , « = - ; that is, 

ijC ct cr 

in equation (1), ^ = initial permeability, ^ = saturation value of 
magnetic density. 

If the magnetic circuit contains an air gap, the reluctance of the 
iron part is given by equation (2), that of the air part is constant, 
and the total reluctance thus is 

p = p erX, 


where S = a plus the reluctance of the air gap. Equation (1), 
therefore, remains applicable, except that the value of a is in- 
creased. 

In addition to the metallic flux given by (squation (1), a greater 
or smaller part of the flux always passes through the air or through 
space in general, and then has constant permeance, that is, is given 


23. In general, the flux in an ironclad magnetic circuit can, 
therefore, be represented as function of the current by an expression 
of the form 


= 


a^ 


1 -|- hi 


. + d, 


(3) 


where 


ai 

l+bi 


= is that part of the flux which passes through 


the iron and whatever air space may be in series with the iron, 
and ci is the part of the flux passing through nonmagnetic 
material. 

Denoting now 


Li = na 10”®, ) 
Lj = nc 10”®, ) 


(4) 


where n = number of turns of the electric circuit, which is inter- 
linked with the magnetic circuit, is the inductance of the air 
part of the magnetic circuit, Li the (virtual) initial inductance, that 
is, inductance at very small currents, of the iron part of the mag- 
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netic circuit, and | the saturation value of the flux in the iron. 

That is, for f = 0, = Li) and for i = oo , 

^ 0 

If r = resistance, the duration of the component of the transient 
resulting from the air flux would be 

L 2 nc 

^ — , (5) 


5^2 = 


and the duration of the transient which would result from the 
initial inductance of the iron flux would be 




Li _ m 10"^® 
T T 


( 6 ) 


The differential equation of the transient is: induced voltage 
plus resistance drop equal zero; that is, 


n- 3 T 10 ^ + n 
at 


0 . 


Substituting (3) and differentiating gives 

na 10“"^ (U , 1 • A 


and, substituting (5) and (6), 




} (T'+bi^ " 


, + T2 


(li 

(It 


+ i == 0; 


“f” dif = 0. 


(7) 


licence, separating the variables, 

^ Ti di T^di 

t(i+6fp i 

The first term is integrated by resolving into partial fractions: 

1 ^ h _ h 

+ biy % 1 + bi (i + bi)^^ 

and thc^ integration of differential equation (7) then gives 

Ti log + 7^2 log i + t + C - 0, (8) 

If then, for the time t == fo, the current is f = u, these values 
substituted in (8) give the integration constant C: 


Tilog 


tQ 




1 +E, + log *0 + rWo + ^« + ^ = 0 , (9) 
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and, subtracting (8) from (9), gives 


to (1 H~ 

' t(l + bin) 


t-to= + 7’^1oST+ ^'^1+ /»„• 


^ 1 


J A 

1 + In i ' 


(10) 


This equation is so complex in i that it is not possibk^ to (uil- 
culate from the different values of t tlu^ corn'sponding vahu's of i; 
but inversely, for different vahu's of i th<^ (lorrc'sponding vahu's 
of t can be calculated, and the (H)rresponding vahu's of i and t, 
derived in this manner, can Ixi plotted as a curve', vvhieih gives the 
single-energy transieait of tlu^ iromdad magn('t.ic (circuit. 



Such is done in Fig. 29, for the values of the constants: 

r = .3, 
a => 4 X 10®, 
c = 4 X 10®, 

6 = . 6 , 

n = 300. 
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This gives 

Ti = 4, 

Tj = .4. 

Assuming to = 10 amperes for U = 0, gives from (10) the equa- 
tion: 

T = 2.92 - 1 9.21 + .921 i | • 

Herein, the logarithms have been reduced to the base 10 by 
division with log^^e = .4343. 

For comparison is shown, in dotted line, in Fig. 29, the transient 
of a circuit containing no iron, and of such (‘.onstants as to give 
about the same duration: 

t = 1.085 log^^i - .507. 

As seen, in the ironclad transient the curremt curve is very 
much steeper in the range of high currents, where magnetic sat- 
uration is reached, but the current chimge is slower in the range 
of medium magnetic densities. 

Thus, in ironclad transients very high-current values of short 
duration may occur, and such transients, as those of the starting 
current of alternating-current transformers, may therefore b(^ of 
serious importance by their excessive current values. 

An oscillogram of the voltage and current waves in an 11,000-kw. 
high-voltage 60-cycle three-phase transformer, when switching onto 
the generating station near the most imfavoral)le point of the 
wave, is reproduced in Fig. 30. As seen, an excessive current rush 
persists for a number of cycles, causing a distortion of the volt- 
age wave, and the current waves remain unsymmetrical for many 
cycles. 



LECTURE VI. 

DOUBLE-ENERGY TRANSIENTS. 


24. In a circuit in which energy can be stored in one form only, 
the change in the stored energy which can take place as the result 
of a change of the circuit conditions is an increase or decrease. 
The transient can be separated from the permanent condition, and 
then always is the representation of a gradual decrease of energy. 
Even if the stored energy after the change of circuit conditions is 
greater than before, and during the transition period an increase 
of energy occurs, tlui representation still is by a decrease of the 
transient. This transient then is the difference between the energy 
storage in the pcu'inanent condition and the energy storage during 
the transition p(Tiod. 

If the law of proportionality between current, voltage, magnetic 
flux, etc., applies, the single-energy transient is a simple exponential 
function: 

« A. 

y = 2 /o« (1) 

where 

t/o == initial value of the transient, and 
To = duration of the transient, 

that is, the time which the transient voltage, current, etc., would 
last if maintained at its initial value. 

The duration To is the ratio of the energy-storage coeflficient 
to the power-dissipation coefficient. Thus, if energy is stored by 
the current i, as magnetic field, 

T, = ( 2 ) 

where L = inductance = coefficient of energy storage by the cur- 
rent, r = resistance = coefficient of power dissipation by the current. 

If the energy is stored by the voltage e, as dielectric field, the 
duration of the transient would be 



( 3 ) 
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where C = capacity = coefficient of energy storage by the volt- 
age, in the dielectric field, and g = conductance = coc^fficient of 
power consumption by the voltage, as leakage conductance by 
the voltage, corona, dielectric hysteresis, etc. 

Thus the transient of the spontaneous discharge of a condenser 
would be represented by 

e = Co€ . (4) 

Similar single-energy transients may o(icur in other systems. 
For instance, the transient by which a watt'r jet api)r()ac.h('s (con- 
stant velocity when falling under gravitation through a resisting 
medium would have the duration 


T = 

9 


( 5 ) 


where vo = limiting velocity, g = acceleration of gravity, and would 
be given by 

V ^ Vo {l - ( 6 ) 


In a system in which energy can be stored in two different 
forms, as for instan(;e as magnetic and as diekH^tric (mergy in a 
circuit containing inductance and ca|)a(;ity, in addition to the 
gradual decrease of stored energy similar to that represented l)y 
the single-energy transient, a transfer of energy can ocicur l)etween 
its two different forms. 

Thus, if i = transient current, e = transient voltage (that is, 
the difference between the respective (‘.urrents and voltages exist- 
ing in the circuit as result of the previous circuit condition, and 
the values which should exist as result of the change of circuit 
conditions), then the total stored energy is 


= +W,. 


( 7 ) 


While the total energy W decreases by dissipation, Wm may be 
converted into Wd, or inversely. 

Such an energy transfer may be periodic, that is, magnetic energy 
may change to dielectric and then back again; or unidirectional, 
that is, magnetic energy may change to dielectric (or inversely, 
dielectric to magnetic), but never change back again; but the 
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energy is dissipated before this. This latter case occurs when the 
dissipation of energy is very rapid, the resistance (or conductance) 
high, and therefore gives transients, which rarely are of industrial 
importance, as they are of short duration and of low power. It 
therefore is sufficncmt to consider the oscillating double-energy 
transient, that is, the (‘,ase in which the energy (dianges periodically 
between its two forms, during its gradual dissipation. 

This may be done by considering separately the periodic trans- 
fer, or ])ulsati()n of the energy between its two forms, and the 
gradual dissipation of energy. 

A. Pulmtion of energy, 

25. Tlu' magnetic^ (nuTgy is a ituixiimnti at the moment when 
the (li(dectri(‘. (‘lUTgy is ;5('ro, and when all the energy, therefore, is 
magnetic ; and the magnetic enu^rgy is then 

LiV 
2 ' 

where /o == maximum value of transient current. 

The dic'lectric energy is a maximum at the moment when the 
magneti(i eiu^rgy is zero, and all the energy therefore dielectric, 
and is then 

Cco' 


where Co = maximum valium of transient voltage. 

As it is the sam(» stored energy which alternately appears as 
magnetic and as dielectric energy, it obviously is 


^ Ceo^ 

"“ 2 “ ‘ 2 


(8) 


This gives a relation l)etween the maximum value of transient 
current and the maximum value of transient voltage: 



( 9 ) 


Jl 

V c 


therefore is of the nature of an impedance Zq^ and is called 


the natural impedance, or the surge impedance, of the circuit; and 


its reciprocal, is the natural admittance, or the surge 

adwdttance, of the circuit. 
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The maximum transient voltage can thus be calculated from 
the maximum transient current: 



and inversely, 



This relation is very important, as frequently in doul)le-energy 
transients one of the quantities co or k is given, and it is impor- 
tant to determine the other. 

For instance, if a line is short-circuited, and tlu^ short-(tir(iuit 
current io suddenly broken, the maximum voltage which can be 
induced by the dissipation of the stored magnetic energy of the 
short-circuit current is 6 q = tVo. 

If one conductor of an ungrounded mhh system is grounded, 
the maximum momentary current which may flow to ground is 
io = eoVO} where eo = voltage between cable (conductor and ground. 

If lightning strikes a line, and the maximum voltage which it 
may produce on the line, as limited by th(‘ disrui)tiv(‘ strength of 
the line insulation against momentary voltages, is co, the maximum 
discharge current in the line is limited to to - eoViu 

If L is high but C low, as in the high-pot(aitial winding of a 
high-voltage transformer (which winding can b(‘ considered as a 
circuit of distributed capacity, inductamte, and resistan(‘e), Zo is 
high and yo low. That is, a higli transient voltage can produce 
only moderate transient currents, but even a small transient cnir- 
rent produces high voltages. Thus reactances, and other rc^active 
apparatus, as transformers, stop the passagt^ of large oscillating 
currents, but do so by the production of high oscillating voltages. 

Inversely, if L is low and 0 high, as in an underground cabl(‘, 
zo is low but yo high, and even moderate oscillating voltage's |)ro- 
duce large oscillating currents, but even large oscillating (mrrents 
produce only moderate voltages. Thms underground cablets are 
little liable to the production of high oscillating voltages. This 
is fortunate, as the dielectric strength of a cable is necc^ssarily 
relatively much lower than that of a transmission line, due to 
the close proximity of the conductors in the former. A cable, 
therefore, when receiving the moderate or small oscillating cur- 
rents which may originate in a transformer, gives only very low 
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oscillating voltages, that is, acts as a short circuit for the trans- 
former oscillation, and therefore protects the latter. Inversely, 
if the large oscillating current of a cable enters a reactive device, 
as a current transformer, it produces enormous voltages therein. 
Thus, cable oscillations are more liable to be destructive to the 
reactive apparatus, transformers, etc., connected with the cable, 
than to the cable itself. 

A transmission line is intermediate in the values of zo and 
between the cable and the reactive apparatus, thus acting like a 
reactive apparatus to the former, like a cable toward the latter. 
Thus, the transformer is protected by the transmission line in 
oscillations originating in the transformer, but endangered by the 
transmission line in oscillations originating in the transmission 
line. 


The simple consideration of the relative values of Zq = 



the different parts of an electric system thus gives considerable 
information on th(^ relative danger and protective action of the 
parts on (uu*,h other, and shows the reason why some elements, as 
current transformers, are far more liable to destruction than others; 
but also shows that disruptive (effects of transient voltages, 
obscirved in one apparatus, may not and vcTy fr(H|iiently do not 
originate in the damaged apparatus, l)ut originate in another 
part of the system, in which they were relatively harmless, and 
become dangerous only when entering the former apparatus. 

26 . If there is a periodica transfer between rnagmdac and dielec- 
trics enc^rgy, the transient cnirrcmt i and the transient voltage e 
suc(*essively increase, decrease, and bcHiomc^ zero. 

The current thus may be represc^nted l)y 


i = U cos (<!> - y), 


( 12 ) 


where u is the xnaxirnurn value of current, discussed above, and 

0-27r/^, (13) 


where / = the frequem^y of this transfer (which is still undeter- 
mined), and 7 the phase angle at the starting ixioment of the 
transient; that is, 

ii = io cos 7 = initial transient current. (14) 

As the current i is a maximum at the moment when the magnetic 
energy is a maximum and the dielectric energy zero, the voltage e 
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must be zero when the current is a maximum, and invc^rsely; and 
if the current is represent(Hl l)y the cosine function, tlie voltage 
thus is represented by th(^ sine huiction, that is, 

e = Co sin (<!> - 7), (15) 

where 

Cl = — Co sin 7 == initial value of transient voltage. (16) 

The frequency / is still unknown, l)ut from tlie law of |)ropor- 
tionality it follows that thert^ must 1)(‘ a frcHiueru^y, tliat is, tlu^ suc- 
cessive conversions betwcum tlu' two forms of (nuTgy must (xuuir in 
equal time intervals, for this reason: If magn(di(‘. (^nt'rgy converts 
to dielectric and back again, at some monumt the proportion be- 
tween the two forms of energy must Ix' th(‘ saints again as at the 
starting moment, but both reductxl in th(^ sanu^ I)roi)ort4on by the 
power dissipation. From this moment on, tlu^ saitu^ then must 
repeat with proportional, but proportionatcdy 1 ow(T(x 1 valiuss. 



Fig. 3l.“— OD10017. — OHoillograin of Btatioimry t)H(‘.illaiion of Varying 
Frequency: (Compound (Jinnut of Transformer and 28 MilcH of 

100,()00-volt TransmiHsion Lino. 


If, however, the law of proportionality does not exist, tlu^ oscil- 
lation may not be of constant frequency. Thus in Fig. 31 is shown 
an oscillogram of the voltage oscnllation of the comi)ound circuit 
consisting of 28 miles of 100,000-volt transmission line and the 
2500-kw. high-potential step-up transformer winding, caused by 
switching transformer and 28-mile line by low-tension switcshes off 
a substation at the end of a 153-mila transmission line, at 88 kv. 
With decreasing voltage, the magnetic density in the transformer 
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decreases, and as at lower magnetic densities the permeability of 
the iron is higher, with tlie d(KTeas(^ of voltages the permeability of 
the iron and tlu^reby the inductance of tlie electric circuit inter- 
linked with it incr(^ases, and, resulting from tins increased magnetic 
energy storage (H)(^ffi(!i(mt L, therci follows a slower period of oscil- 
lation, that is, a decrease of freepKmey, as seen on the oscillogram, 
from 55 cycles to 20 cy(‘.l(\s p(T second. 

If the (uua'gy transfea* is not a simple siin^ wave, it can be repre- 
sented l)y a s(^ries of sinc^ waves, and in this case the above equa- 
tions (12) and (15) would still apply, l)ut the (ialculation of the 
freqiKuicy / would give a numlxT of values which represent the 
diffc^rent component sine waves. 

The di(‘l(‘(d)ri(*, field of a (;ondenser, or its charge,^’ is capacity 
times voltag('.: Ce, It is, however, the product of the current 
flowing into the condenser, and the time during which this current 
flows into it, that is, it (H|uals i t 
Applying t.he law 

Ce « it (17) 


to the oscillating energy transfer: the voltage at the condenser 
changes during a half-cych^ from — co to +eo, and the condenser 
charg(^ thus is 

2 Co(/j 


2 

the (nirrent has a maxinmm value' fo, thus an average value - /o, 

TT 

and as it flows into tlu' condenser during one-half cycle of the 

1 

frequency /, that is, during the time it is 

zj 


2 coC 


2 . 1 

lo 

TT If 


which is the expression of the condenser equation (17) applied to 
the osdllating energy transfer. 

Transposed, this equation gives 


f — 

^ 2weoa' 


(18) 


and substituting eqxiation (10) into (18), and canceling with to, 
gives 
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as the expression of the frequency of the oscillation, where 

<r = vT(r (20) 

is a convenient abbreviation of the square root. 

The transfer of energy between magneti(5 and dielectric thus 

occurs with a definite frequency / = , and the oscillation thus 

Z TTCr 

is a sine wave without distortion, as long as tlu^ law of proportion- 
ality applies. When this fails, the wave may be distorted, as seen 
on the oscillogram Fig. 31. 

The equations of the periodic part of the transient can now be 
written down by substituting (13), (19), (14), and (16) into (12) 
and (15): 


i = io cos (<^ — 7) s= to cos 7 cos + A) niu 7 sin <t> 

. t 1() , t 
= 'll cos • Cl SUl - J 
<T Co cr 


and by (11): 

. . t . t 

i =3 (‘OS >- — 'i/oCi sin - ) 

(T <r 


( 21 ) 


and in the same manner: 


e = Cl cos ^ 4- Znh sin ^ , 
c <r 


( 22 ) 


where Ci is the initial value of transient voltages, i\ tlu^ initial value 
of transient current. 

B. Power dissipation. 

27. In Fig. 32 are plotted as A the periodic component of the 
oscillating current i, and as B the voltag(^ e, as C the stored mag- 

netic energy , and as D the stored dielectri<! (energy ^ • 


As seen, the stored magnetic energy pulsab's, with doulilc 
frequency, 2/, between zero and a maximum, (Hpial to the total 
stored energy. The average value of tlu^ stored magnetic energy 
thus is one-half of the total stored energy, and the dissipation of 
magnetic energy thus occurs at half the rate at which it would 
occur if all the energy were magnetic energy; that is, tlie transient 
resulting from the power dissipation of the magnetic energy lasts 
twice as long as it would if all the stored emugy were magnetic, 
or in other words, if the transient were a single (magnetic) energy 
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transient. In the latter case, the duration of the transient would 
be 



and with only half the energy magnetic, the duration thus is 
twice as long, or 

7’i=2 7’„ = ?^, (23) 

and hereby th<j factor 

h = 

multiplies with the values of curnuit and voltage (21) and (22). 



The same applies to the dielectric energy. If all the energy 
were dielectric, it would be dissipated by a transient of the dura- 
tion: 
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as only half the energy is dielectric, the dissipation is half as rapid, 
that is, the dielectric transient has the duration 

and therefore adds the factor 


to the equations (21) and (22). 

While these equations (21) and (22) constitute the periodic 
part of the phenomenon, the part which rc^prescuits the dissipa- 
tion of power is given by the factor 


hk = 6 



(25) 


The duration of the double-energy transient, T, thus is given l)y 


1 

f 



(26) 


and this is the harmonic mean of the duration of the single-energy 
magnetic and the single-energy dielecdiric transietit. 

It is, by substituting for To and To', 


where u is the abbreviation for the reciprocal of the duration of 
the double-energy transient. 

Usually, the dissipation exponent of the double-energy transient 


is given as 



r 

2L 


This is correct only if gf = 0, that is, the conductance, which rep- 
resents the power dissipation resultant from the voltage (by leak- 
age, dielectric induction and dielectric hystertisis, corona, etc.), 
is negligible. Such is the case in most power circuits and trans- 
mission lines, except at the highest voltages, where corona appears. 
It is not always the case in underground cables, high-potential 
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transformers, etc,, and is not the case in telegraph or telephone 
lines, etc. It is very nearly the case if the capacity is due to elec- 
trostatic condensers, but not if the capacity is that of electrolytic 
condensers, aluminum cells, etc. 

Combining now the power-dissipation equation (25) as factor 
with the equations of periodic energy transfer, (21) and (22), 
gives the complete equations of the double-energy transient of 
the circuit containing inductance and capacity: 


where 


% = I ii (K)S ^ — yi)ei sin - | ? 
I Cl COB ^ sin^ |> 


L 

<T 


2o 


V c 2/0^ 


u 




(28) 


(29) 

(30) 


and ii and ei are the initial values of the transient current and volt- 
age respectively. 

As instance are constructed, in Fig. 33, the transients of current 
and of voltage of a circuit having the constants: 


Inductance, 

Capacity, 

Resistance, 

Conductance, 


L = 1.25 mh = 1.25 X 10"® henrys; 
C = 2 m/ = 2 X 10”“ farads; 
r = 2.5 ohms; 
g = 0.008 mho. 


in the cas(^, that 

The initial transient current, ii = 140 amperes; 
The initial transient voltage, Ci = 2000 volts. 


It is, hy the preceding equations: 
a = VLC = 5 X 10-«, 

f =x --1_ =B 3180 cycles per second, 

2 TTcr 



25 ohms, 
0.04 mho, 
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2 L 

T^=: — == 0.001 sec. = 1 inillisecond, 

T 

2 C 

~ = 0.0005 sec. = 0.5 millisecond, 

T = = 0.000333 sec. = 0.33 millisecond; 

A I 



hence, substituted in equation (28), 

t as «-3<jl40cos0.2f — 808in0.2tj, ) 

e « e-»‘ j 2000 cos 0.2 1 + 35(K) Hin 0.2 / j , j 
where the time t is given in milliseconds. 
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Fig. 33.4 gives the periodic Components of current and volts 

i' = 140 cos 0.2 1 — 80 sin 0.2 
e' = 2000 cos 0.2 1 + 3500 sin 0.2 L 


Fig, 33 jB gives 

The magnetic-energy transient, A = 

The dielectric-onergy transient, k — 

And the resultant transient, hk = 

And Fig. 33C gives the transient current, i = hki\ and the tr 
sient voltage, e == hke'. 



LF.CTURE VIL 

LINE OSCILLATIONS. 


28. In a cinuiit (‘oiii-ainiii^jc inductaiuu' and (capacity, tlic' tran- 
sient (‘onsists of a ])('riodic. component, I)y whi(‘li tlu^ stonal ent'r|>;y 

surges between magnetic? and di(*Ie(‘tri(? , and a tranaicmt 

(component, by which the? l-otal stored (uuTgy d(‘cr(‘as(\s. 

Considc'Hng only tlu‘ pcu’iodic* (*ompou(‘nt, tlH‘ maximum value 
of niagn(?tic (uiergy must (‘tpial tlu* maximum value of dudc'ctric 


(Uiergy, 


/ • »> / i ** 

2 ' 2 ’ 


( 1 ) 


where % = maximum valun of transumt curnmt, Co == uiaximum 
value? of tranHU‘ut voltage^. 

This givess tlu? ndation bt'twcHui Vq and 4/ 


- v/'; ' 

h, * 1: 


wh(*r{‘ is eall(‘d the natural impedancf' or surge irnpcalance, |/o 
the natural or surge admittance' of lla* cinmit. 

As the maximum of (’urrent must coincide' with tlie zero of 
voltages and invcTse'ly, if the* out' is rc'pre'se'nte'd ly the' e'osino 
function, the* otlua* is tin* sine* function; he'nei' the* pe*riodic com- 
ponents of the* transient are* 


where 

and 


ii in eem - 7) | 
Cl « Ctt sin (4 — 7) i ^ 

4^2 wfi, 
f ^ 


(3) 

(4) 

(5) 


is tin* freK|uency of oscillation. 

The dissipative or ** transient eomi'KHwnt is 

hk » 

Ti 


m 
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where 




hence the total expression of transient current and voltage is 
i = to€'“^^cos {<!> - y) ) 
e == «in (cj> — y) ) 

7, co; and io follow from the initial values e' and i' of the transient, 
at ^ = 0 or = 0: 

i' = cos 7 ) 


hence 


-Co sin 7 


. O’ ^() e' 


The preceding equations of the double-energy transient apply 
to the circuit in whic^h capa(uty and inductance arc massed, as, for 
instance, the discliarge or (diarge of a condenser through an in- 
ductive circuit. 

Obviously, no material difference can exist, whether the capacity 
and the inductance arc^ separatc^ly massed, or whether they are 
intermixed, a pieces of inductan(;e and piece of capacity alternating, 
or uniformly distributed, as in the transmission line, cable, etc. 

Thus, the same equations apply to any point of the transmission 
line. 




A B 

Fig. 34. 

However, if (8) are the equations of current and voltage at a 
point A of a line, shown diagrammatically in Fig, 34 , at any other 
point Bj at distance I from the point A, the same equations will 
apply, but the phase angle 7, and the maximum values co and io, 
may be different. 

Thus, if 

i ^ cos (0 - 7) ) . N 

c « ^o^€"-^sin (< 5 ^ - 7) ) ^ 
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are the current and voltage at the point A, this oscillation will 
appear at a point B, at distance I from yi, at a moment of time 
later than at A by the time of propagation k from A to B, if the 
oscillation is traveling from ^4 to J5; that is, in the equation ( 11 ), 
instead of t the time {t — k) enters. 

Or, if the oscillation travels from Bio A, it is earlier at B by the 
time k:, that is, instead of the time t, the value (t + k) enters the 
equation (11). In general, the oscillation at A will appear at B, 
and the oscillation at B will appear at A, after the time k; that 
is, both expressions of ( 11 ), with (t — k) and with (t + ii), will 
occur. 

The general form of the line oscillation thus is given by substi- 
tuting {t =F k) instead of t into the equations ( 11 ), where k is the 
time of propagation over the distance 1. 

liv = velocity of propagation of tlu' electric, field, which in air, 
as with a transmission line, is approximately 


j; = 3 X lO'”, 


( 12 ) 


and in a medium of 
capacity) k is 

and we denote 


permeability /j, and permittivity 

3 X lO'® 

= > 

V liK 


1 


(specific! 


(13) 

(14) 


then 

k =» <il; (15) 

and if we denote 

2irfk = w =» 2rfal, (16) 

we get, substituting t =F k for t and ci =F w for </> into the equation 
( 11 ), the equations of the line osciillation : 


i ss c«-“' cos (<(> =F w — 7 ) ) 

e = ZoC«““* sin (0 =F 0 ) — 7 ) j ' 


(17) 


In these equations, 

<t> 2 vft \ 

is the time angle, and V (Ig) 

« = 2vfal ) 

is the space angle, and c = is the maximum value of current, 
ZqC the maximum value of voltage at the point 1. 
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Resolving the trigonometric expressions of equation (17) into 
functions of single angles, we get as equations of current and of 
voltage products of the transient and of a combination of the 
trigonometric expressions: 

cos < 5 & cos w, ' 

( 19 ) 

co« <l> sm 0 ), ^ ' 

sin cl> sin co. ^ 


Line oscillations thus can be expressed in two different forms, 
either as functions of the sum and difference of time angle <l> and 
distance angle o^: (<t) ±: co), as in (17); or as products of functions 
of (I) and functions of co, as in (19). The latter expression usually 
is more convenient to introduce the terminal conditions in station- 
ary waves, as oscillations and surges; the former is often more 
convenient to show the relation to traveling waves. 

In Figs. 35 and 36 are shown oscillograms of such line oscilla- 
tions. Fig. 35 gives the oscillation produced by switching 28 
miles of 100-kv. line by high-tension switches onto a 2500-kw. 
step-up transformer in a substation at the end of a 153-mile three- 
phase line; Fig. 36 the oscillation of the same system caused by 
switching on the low-tension side of the stei)-up transformer. 

29 . As seen, the phas<j of current i and voltage e changes pro- 
gressively along the line Z, so that at some distance Iq current and 
voltage are 360 degrees displaccnl from their values at the starting 
point, that is, are again in the same phase. This distance k is 
called the wave length, and is the distance which the electric field 


travels during one period iCo = y of the frequency of oscillation. 

As current and voltage vary in phase progressively along the 
line, the effect of inductance and of capacity, as represented by 
the [inductance voltage and capacity current, varies progressively, 
and tlie resultant effect of inductance and capacity, that is, the 
effective inductance and the effective capacity of the circuit, thus 
are not the sum of the inductances and capacities of all the line 
elements, but the resultant of the inductances and capacities of 
all the line elements combined in all phases. That is, the effective 
inductance and capacity are derived by multiplying the total 

2 

inductance and total capacity by avg/cos/, that is, by - • 

TT 
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l^m <1^10116.— of Ster&ig (^dUsMcai dP ^ MH^ of l(M),(XX)-¥olt TraJismi^on line: 

Hi^-teiMon Switching. 


LINE OSCILLATIONS, 



5^ 30 ^ — cd 1(XX)2. — Oscillogram of Starting Oscillation of 28 Miles of 100, 000- volt Transmission line: 

tenaon Switching. 
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Instead of L and C, thus enter into the equation of the double- 

2 Ij 2 C 

energy oBcillation of the lint^ the valu(*H and — . 

W TT 

In the same manner, iriHtc'ad of the* total reBintance r and the 

2 r 2 (/ 

total conduetance {h valiu‘H and ^ appe^ar. 

TT W 

The values of Za, yn, n, 4>, and w are not (dumped hereby. 

The fre(}U('ney /, lu)W('VtT, ehanges from the vahu! correspond- 
ing to the circuit of maswal capacity, / « ^ ^ ^ , to the value 

2 TT V IjU 

f 1 

^ 4 VLV 

Thus the freciueiuy of oscillation of a transmission lint^ is 


where 


f 1 ^ 

^ 4 Via 4 (T 

<r »" V lA'. 


( 20 ) 


( 21 ) 


If k is the length of th«‘ lims or of that piece of the line over 
which the oscillation extends, and we denote by 


■f'Oi f'Oi J'lli t/o 


( 22 ) 


the inductance, capacity, resistance, and conductance per unit 
length of line, then 


u 


l/ro , ih\. 
2^0 ■^fV’ 


(23) 


that is, the rate of decrease of the transient is independent of the 
length of the line, and merely depends on the lino constants per 
unit length. 

It then is 

ff « kero, (24) 

where 

<ro - VL^ (25) 

is a constant of the line construction, but independent of the length 
of the line. 

The frequency then is 


1 



LINE OSCILLATION, 


79 


The frequency /depends upon the length h of the section of line 
in which the oscillation occurs. That is, the oscillations occurring 
in a transmission line or other circuit of distributed capacity have 
no definite frequency, but any frequency may occur, depending on 
the length of the circuit section which oscillates (provided that 
this circuit section is short compared with the entire length of the 
circuit, that is, the frequency high compared with the frequency 
which tlie oscillation would have if the entire line oscillates as a 
whole). 

Uh is the oscillating line section, the wave length of this oscilla- 
tion is four times the length 

li) - 4 h. (27) 

This can be seen as follows: 

At any point I of tlu^ oscillating line section Zi, the effective 
pow(‘r 

po = avg ei - 0 (28) 

is always zero, sinc('; voltage^ and current are 90 degrees apart. 
Tluj instantaneous power 

p « ei, (29) 

however, is not zero, but alternately (K|ual amounts of energy flow 
first one way, tlum the other way. 

Across the (mds of the oscillating section, however, no energy 
can flow, otherwise the oscillation would not be limited to this 
section. Tims at the two ends of the section, the instantaneous 
|)()wer, and thus either e or i, must continuously be zero. 

Three cases tlius are |)OBsible: 

1. c = 0 at l)oth ends of h; 

2. i « 0 at both (aids of h; 

3. e = 0 at onc‘ end, i =» 0 at the other end of h. 

In the third ease, i = 0 at one end, e = 0 at the other end of 

the line section h, th(‘ potential and current distribution in the 
line section k must be as shown in Fig. 37, A, B, C, etc. That is, 
h must be a quarter-wave or an odd multiple thereof. 

If h is a thrcH^-quart cTO wave, in Fig. 37B, at the two points C and 
I) the power is also that is, li consists of three separate and 

I 

independent oscillating sections, each of the length - ; that is, the 
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unit of oscillation is or also a quarter-wave. The same is the 
case in Fig. 37(7, etc. 

In the case 2, i = 0 at both ends of the line, the current and 
voltage distribution are as sketched in Fig. 38, A, B, C, etc. 

That is, in A, the section k is a half-wave, but the middle, C, 
of k is a node or point of zero power, and the oscillating unit 
again is a quarter-wave. In the sanu? way, in Fig. Z8B, the 
section h consists of 4 quarter-wave units, (itci. 



I 


FiR. 37. Fig. 38. 


The same applies to case 1, and it thus follows that the wave 
length Zo is four times the length of the oscillation h. 

30. Substituting Zo = 4 Zi into (26) gives as the frequency of 
Qscillation 



(30) 


However, if / = frequency, and a = i , velocity of propagation, 

(t 

the wave length Zo is the distance traveled during one period: 


Zo 



period, 


(31) 
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thus is 



and, substituting (32) into (31), gives 


or 


a = <ro, 


V = 


<ro 


0 


(32) 

(33) 

(34) 


This gives a very important relation between inductance Lo 
and capa<!ity t'o p(^r unit l('ngt.h, and the volotiity of propagation. 
It allows th(i caUiulation of tlu^ capacity from the inductance, 


f-'o 


1 


(35) 


and invcrs(>ly. As in complex overhead structures the capacity 
usually is difficult to cahnilatc', while the inductance is easily de- 
rived, (‘quation (35) is useful in calculating the capacity by means 
of the inductamu'. 

This ('(juation (35) also allows tln^ cahnilation of the mutual 
capacity, and thereby tin* stati(r induction between circuits, from 
th(^ mutxial magneti<i inductance. 

The r(werse equation. 


An 


1 


(36) 


is usc'ful in (calculating the indinctance of cables from their meas- 
ured capaccity, and the velocity of propagation equation (13). 

31. If ?i is th(c length of a liiu', and its two ends are of different 
electrical character, as line oiw* ofMm, the other short-circuited, 
and thereby i *= 0 at one end, c = 0 at the other end, the oscilla- 
tion of this liiu' is a (juarter-wave or an odd multiple thereof. 

The long<'st wave which may exist in this circuit has the wave 
length Zo ”• 4 li, and therefore the period <0 = <roZo = 4 o-oZi, that 

is, the frequenccy/o = 4 ^ f- This is called the /wndamenlaZ wave 

of oscillation. In addition thereto, all its odd multiples can exist 

as higher hannonics, of the respective wave lengths ^ and 

the frequencies (2 k — l)/o, where A: = 1, 2, 3 . . . 
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If then <l> (i('n()t(>,s t lit' lini<‘ iinglo and w the distance* angle* of the 
fun<lanie*ntiil wave*, (hat is, « 2 ir re'pre'scnts a ce)mpl(.t,* cycle 
anel w =• 2 jt a e*e.ini)le*te* wave* le*ngtli e>f the* funelaincntal wave, 
the* time* anel elis(ane*e* angle's e>f the* highe-r hannemie's art* ’ 

H w, 

T) tp, r> o), 

7 7 i*), i*tr. 

A t*<nnpIcK (mcnllution, wuvvh (»f all p()^il)lc‘ fre. 

<|iu‘ncic*H, tlaiH would hnvt* tin* f(jnu 

(4* f- yi) -f' (iiiVimli (tp 'I" a? - y^) 

] up I «4? 7 A , (37) 

and tilt* !t*ngtli It tif tin* lino thtui in rnpn^snntnrl by tlin angle 
m and the oHrillatioii rullint a tpmritrunttt (Meillaiton. 

If the twti iuuIh ui the line b have the same eleetrieiU eharae- 
terintien, that in, r 0 at both latdM, or / b, the longest jK)HHil)le 
wav(‘ liHH tlie length /« 2 h, and tlte fnaiuiuiry 

f * ^ . 

* ^ tuJn 2 tuJt 

nr any niultiplt* fudd ur even i thereof. 

If thiai ^ iittd w again riiirerniii the time and the dwt-anee 
iingleH of thi* fninliinieiitiil wave, it.n hariiit»niei^ have thi* mH|K*etive 
litne arid «!ii4tiyire itiiglf*'^ 

2 2 4 * 1 , 

»i 4 h *1 

4 'I ele, 

A eniinilex imritliition th«a» hii^ fhi* furin 

ffi eim 1^1 I >1 i f tijvum’Iitp I ai ■ 73) 

i thtHm Hup f te >3! -f- . . , , ( 38 ) 

iiiiii the length I| of I hi* lini* in re|trr,»*«nited l*y iiiigle «i w, and the 
fwdllittkift if4 eiilleil a hut/umvr immUnlum, 

The liiilf-iviive iweilliilion thii^ rotititinH i^veii m %vell iw odd 
tmrrtiiiriie^, aiid thereby liiay have a wave nlmiM.% in wliieh one 
half wave friiiii the other. 

Ii<|lltitiiilii (ill) fitnl bIMI lire Ilf the fiiriii of ec|iiitlifiri (17), but 



LINE OSCILLATIONS. 


83; 


usually are more conveniently resolved into the form of equa- 
tion (19). 

At extremely high frequencies (2 fc — 1)/, that is, for very large 
values of h, the successive harmonics are so close together that a 
very small variation of the line constants (lauses them to overlap, 
and as the line constants are not perfc^ctly constant, but may 
vary slightly with the voltage, current, etc., it follows that at very 
high frequencies the line responds to any frequency, has no definite 
frequency of oscillation, but oscillations can exist of any frequency, 
provided this frequency is sufficiently high. Thus in long trans- 
mission lines, resonance phenomena can occur only with moderate 
frequencicis, but not with frequencies of hundred thousands or 
millions of cycles. 

32. The line constants ro, ^0, i^o, Co are given per unit length, 
as per cm., mile, 1000 feet, etc. 

The most (convenient unit of length, when dealing with tran- 
sients in circuits of distributed capacity, is the velocity unit v. 

That is, choosing as unit of length the distance of propagation 
in unit time, or 3 X 10^^ cm. in overhead circuits, this gives r = 1, 
and therefore 


cTo — y/LiiCo 
LoCo - 1 , 


(39) 


or 


r I - 1 

IjO O 0 


That is, the capacity per unit of length, in velocity measure, is 
inversely proportional to the inductance. In this velocity unit of 
length, distances will be represented by X. 

Using this unit of length, ao disappears from the equations of 
the transient. 

This velocity unit of length becomes specially useful if the 
transient extends over different circuit sections, of diffc^rent con- 
stants and therefore different wave lengths, as for instancce an 
overhead line, the underground cable, in which the wave length is 
about one-half what it is in the overhead line (/c = 4) and coiled 
windings, as the high-potential winding of a transformer, in which 
the wave length usually is relatively short. In the velocity 
measure of length, the wave length becomes the- same throughout 
all these circuit sections, and the investigation is thereby greatly 
simplifited. 
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Substituting <ro = 1 in equations (30) and (31) gives 


Iq = Xo, 



4> — 2 rfi = } 

Ao 

co = 2t/X = ^^^, 
Ao 


( 40 ) 


and the natural impedance of tlu! liiu' then bt'conieH, in velocity 


measure, 


20 



/-'O 


1 1 

ISBt ■■ 

f’o 2/« 


Co 

i'o 


(41) 


where eo - maximum voltage, io = maximum (mrnmt. 

That is, the natural impc'dance is the inductance, and tlus 
natural admittance is the. capacity, p(>r vcdot'it.y unit of length, 
and is the main characteristic constant of tlx* liix'. 

The equations of the current and voltag(^ of the line oscillation 
then consist, by (19), of trigononu'tric terms 


cos <l> cos w, 
sin 4> (‘OH 0 ), 
v.OB 0 sin w, 
ain sin 

multiplied with the transient, and wotild thus, in the most 
general case, be given by an expression of the form 

i = C 084 . cos o) + bi sin <t> cos w + ci cos ^ sin w 

+ di8in<)!>Hin wj, 

e — e Jfflj^cos <l> cos b] -j- bi sin <j> cos w -|- c/ cmb 4> sin to 
+ d/ sin sin (0 i , 

and its higher harmonics, that is, terras, with 

2 2 u, 

3 3 w, 

4(^, 4w, etc. 

In these equations (42), the coefficients a, &, c, d, a', ¥, c', d' 
are determined by the terminal conditiom of the problem, that 
is, by the values of % and e at all points of the circuit o>f at the 
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beginning of time, that is, for <t> = 0, and by the values of i and e 
at all times t (or 0 respectively) at the ends of the circuit, that is, 

for CO = 0 and co = -• 

For instance, if : 

(а) The circuit is open at one end co = 0, that is, the current 
is zero at all times at this end. That is, 

i = 0 for CO = 0 ; 

the equations of i then must not contain the terms with cos co, 
cos 2 CO, etc., as these would not be zero for co == 0. That is, it 
must be 

ai = 0, 6i = 0, ) 

^2 = 0, fc2 = 0, j (43) 

0^3 = 0, 63 = 0, etc. ) 

The equation of % contains only the terms with sin co, sin 2 co, 
etc. Since, however, the voltage 6 is a maximum where the 
current % is zero, and inversely, at the point where the current is 
zero, the voltage must be a maximum; that is, the equations of 
the voltage must contain only the terms with cos co, cos 2 co, etc. 
Thus it must be 

Cl' = 0, di' = 0, ) 

C2' = 0, d2' = 0, [ (44) 

Cs' = 0, dz = 0, etc. ) 

Substituting (43) and (44) into (42) gives 

i =5 ^ f Cl cos + di sin 0 J sin co, \ . . 

e = {a/ cos <^> + 6 / sin I cos CO ) 

and the higher harmonics hereof. 

( б ) If in addition to (a), the open circuit at one end co = 0, 

the line is short-circuited at the other end co = ^, the voltage e 
must be zero at this latter end. Cos co, cos 3 co, cos 5 co, etc., 
become zero for co 2 co, cos 4 co, etc., are not zero for 

TT 

CO = ^ , and the latter functions thus cannot appear in the expres- 
sion of e. 
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That is, the voltage e can contain no even harmonics. If, 
however, the voltage contains no even harmonics, the current 
produced by this voltage also can contain no even harmonics. 
That is, it must be 

C 2 = 0 , (h = 0 , 02 ^ = 0 , W = 0 , \ 

Ci === 0, ^4 == 0, dA ^ 0, 64 ^ ss 0 ^ > (46) 

Cq = 0, do = 0, “ 0, = 0, (4(\ / 

The complete expression of the stationary oscillation in a (urcAiit 
open at the end w = 0 and short-cnrcuited at tlu' end co = ^ thus 
would be 

i = I {ci cos (l> + di sin <t>) sin w + (cs cos 8 ^ + 4 sin 3 
sin3co+ . . . {, ^ 

e = { {ax cos <!> + W sin 0) cos w + («/ cos + b/ sin 3 ^ 

cos 3 w + . • . i • 

(c) Assuming now as instance that, in such a stationary oscilla- 
tion as given by equation (47), the curn^nt in tlu' (Circuit is jsero 
at the starting moment of the transicmt for » 0. Tlum the 
equation of the current can contain no terms with <‘oh as these 
would not be zero for 0 = 0. 

That is, it must be 

Cl ^ 0 , ) 

cs = 0, [ (48) 

Cg 0, et(‘. ) 

At the moment, however, when thc^ current is zero, tlu^ voltage 

of the stationary oscillation must be a maximum. As i « 0 for 
0 = 0, at this moment the voltage e must be a maximum, that 
is, the voltage wave can contain no terms with sin 0, sin «*l 0, etc. 
This means 

5 / » 0 , ) 

h' « 0 , [ ( 49 ) 

6g' » 0, etc. ) 

Substituting (48) and (49) into equation (47) gives 
{ = { di sin 0 sin (0 + d$ sin 3 0 sin 3 w + dg sin 5 0 sin 5 w 

+•••!? 

e = I ^ w+ug' cos 3 0 cos 3 o)+a/ cos 5 0 cos 5 w 
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In these equations (50), d and a' are the maximum values of 
current and of voltage respectively, of the different harmonic 
waves. Between the maximum values of current, io, and of volt- 
age, 6o, of a stationary oscillation exists, however, the relation 



where zo is the natural impedance or surge impedance. That is 

a' = dzo, (51) 

and substituting (51) into (50) gives 

i =z J rfi sin sin oj + dz sin 3 <#> sin 3 co + ds sin 5 sin 5 co 

+ • • • h 

£5 = 20 j di cos < 5 ?) cos 03 + dz cos 3 cl> cos 3 co + ds cos 5 <j!> cos 5 co 

+ . . . ^ 

(d) If then the distribution of voltage e along the circuit is given 
at the moment of start of the transient, for instance, the voltage 
is constant and equals ex throughout the entire circuit at the 
starting moment 0 = 0 of the transient, this gives the relation, 
by substituting in (52), 

Cl == Zo { di cos CO + ds cos 3 CO + ds cos 5 o) + . . . ^ , (53) 

for all values of co. 

Herefrom then calculate the values of di, ds, da, etc., in the 
manner as discussed in Engineering Mathematics, Chapter III. 




LECTURE VIII. 

TRAVELING WAVES. 


33. In a stationary oscillation of a circuit having uniformly 
distributed capacity and inductance, that is, the transient of a 
circuit storing energy in the dielectric and magnetic field, current 
and voltage are given by the expression 

i = ioe~“‘ cos (<^> =F w — 7), ) 
e == eo«~“‘ sin (</> T w — 7), ) 

(1) 

where 0 is the time angle, w the distance angle, u the exponential 
decrement, or the “power-dissipation constant, and u and cq the 
maximum current and voltage respectively. 

The power flow at any point of the circuit, that is, at any dis- 
tance angle co, and at any time t, that is, time angle then is 

p = ei, 

= eofoe“’“‘ cos (0 T w — 7) sin ((^ =F w - 

■ y), 

= 2 u« sin 2 (<;6 =F <0 - 7 ), 

(2) 

and the average power flow is 


Po = avg p. 

(3) 


=» 0 . 

Hence, in a stationary oscillation, or standing wave of a uni- 
form circuit, the average flow of power, po, is zero, and no power 
flows along the circuit, but there is a surge of power, of <loublo 
frequency. That is, power flows first one way, during oiuMpiarter 
cycle, and then in the opposite direction, during the next quarter- 
cycle, etc. 

Such a transient wave thus is analogous to the permanent wave 
of reactive power. 

As in a stationary wave, current and voltage are in quadrature 
with each other, the question then arises, whether, and what 

88 
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physical meaning a wave has, in which current and voltage are in 
phase with each other: 

i = cos (<^ =F CO ~ 7 )^ ) 

e = cos (<^> =F CO — 7 ). ) 

In this case the flow of power is . 

p = ei, 

= cos^ (< 5 ^> T CO - 7 ), 

= -|?6-»“‘[1+cos2(<>=Fco-7)], (5) 


and the average flow of power is 

po = avg p, 

2 


(6) 


Such a wave thus consists of a combination of a steady flow of 
power along the circuit, po, and a pulsation or surge, pi, of the same 
nature as that of the standing wave ( 2 ) : 

Pi = cos 2 (<j!) =F CO — 7 ). (7) 


Such a flow of power along the circuit is called a traveling wave. 
It occurs very frequently. For instance, it may be caused if by a 
lightning stroke, etc., a quantity of dielectric energy is impressed 



Fig. 39. — Starting of Impulse, or Traveling Wave. 


upon a part of the circuit, as shown by curve A in Fig. 39, or if by a 
local short circuit a quantity of magnetic energy is impressed upon 
a part of the circuit. This energy then gradually distributes over 
the circuit, as indicated by the curves B, C, etc., of Fig. 39, that is, 
moves along the circuit, and the dissipation of the stored energy 
-thus occurs by a flow of power along the circuit. 
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Such a flow of power must occur in a circuit containing sec- 
tions of different dissipation constants u. For instance, if in a 
circuit consisting of an unloaded transformer and a transmission 
line, as indicated in Fig. 40, at no load on the step-down trans- 



former, the high-tension switches are opened at the generator 
end of the transmission line. The energy stored magnetically and 
dielectrically in line and transformer then dissipates by a transient, 
as shown in the oscillogram Fig. 41. This gives the oscillation 
of a circuit consisting of 28 miles of line and 2500-kw. l()()-kv. 
step-up and step-down transformers, and is produced by discon- 
necting this circuit by low-tension switches. In tlu^ transformer, 
the duration of the transient would 1)0 very great, possibly several 
seconds, as the stored magnetic energy (L) is vc'ry larg(‘, tlu' dis- 
sipation of power (r and g) relatively small; in th(‘ line, tlu' tran- 
sient is of fairly short duration, as r (and g) arc- <!onsiderabl(>. 
Left to themselves, the line oscillations thus would di(! out much 
more rapidly, by the dissipation of tlndr ston'd energy, than tlu^ 
transformer oscillations. Since line and transfornn'r an' (^onnectenl 
together, both must die down simultaneously by the sarins tran- 
sient. It then follows that power must flow during t.lu' transi('nt 
from the transformer into the line, so as to hav(' both die down 
together, in spite of the more rapid energy dissipation in the liiu'. 
Thus a transient in a compound circuit, that is, a (drcuiit (!oinpriHing 
sections of different constants, must be a travc'ling wav(', that is, 
must be accompanied by power transfer betw<'(!n tlu' sc'ctions of 
the circuit.* 

A traveling wave, equation (4), would correspond to thc' case of 
effective power in a permanent alternating-<!urr{'nt (Circuit, while 
the stationary wave of the uniform circuit corresponds to the case 
of reactive power. 

Since one of the most important applications of the traveling 
wave is the investigation of the compound circuit, it is desirable 

* In oscillogram Fig. 41, the current wave is shown reversed with regard 
to the voltage wave for greater oleamese. 
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Fig. 41. — cd1(X)45. — Oscillogram of CJompound Circuit of 154 Miles 100,000-volt Transmission Line and High-tension Coils 
of 10,(K)0-kw. Step-up Transformers, Switching off by Low-tension Switches. High-tension CJurrent and Low-tension 

Voltage. 
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to introduce, when dealing with traveling waves, the velocity unit 
as unit of length, that is, measure the length with the distance of 
propagation during unit time (3 X lO*" cm. with a straight con- 
ductor in air) as unit of length. This allows the use of the same 
distance unit through all sections of the circuit, and expresses the 
wave length Xo and the period To by the same numerical values. 


Xo = To = j, and makes the time angle <l> and the distance angle w 
directly comparable : 


fl!) = 2 irft = 2 TT 


t 

Xo’ 


CO = 2 -TT — = 2 ir/X. 
Xo 


(8) 


34 . If power flows along the circuit, three cases may occur: 

(a) The flow of power is uniform, that is, the power remains 
constant in the direction of propagation, as indicated by A in 
Fig. 42. 



Fig. 42. — Energy Transfer by Traveling Wave. 


( 6 ) The flow of power is decreasing in the direction of propaga- 
tion, as illustrated by B in Fig. 42. 

(c) The flow of power is increasing in the direction of propaga- 
tion, as illustrated by C in Fig. 42. 

Obviously, in all three cases the flow of power decreases, due to 
the energy dissipation by r and g, that is, by the decrement 
Thus, in case (a) the flow of power along the circuit decreases at 
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the rate corresponding to the dissipation of the stored energy 
by as indicated by A' in Fig. 42; while in the case (6) the 
power flow decreases faster, in case (c) slower, than corresponds 
to the energy dissipation, and is illustrated by B' and C' in Fig. 42. 

(a) If the flow of power is constant in the direction of propa- 
gation, the equation would be 

i == cos {(l> — 0 ) 7), 

e = cos — CO — 7), (9) 


In this case there must be a continuous power supply at the 
one end, and power abstraction at the other end, of the circuit 
or circuit section in which the flow of power is constant. This 
could occur approximately only in special cases, as in a circuit 
section of medium rate of power dissipation, u, connected between 
a section of low- and a section of high-power dissipation. For 
instance, if as illustrated in Fig. 43 we have a transmission line 


XJne 



Fig. 43. — Compound Circuit. 

connecting the step-up transformer with a load on the step-down 
end, and the step-up transformer is disconnected from the gener- 
ating system, leaving the system of step-up transformer, line, and 
load to die down together in a stationary oscillation of a compound 
circuit, the rate of power dissipation in the transformer then 
is much lower, and that in the load may be greater, than the 
average rate of power dissipation of the system, and the trans- 
former will supply power to the rest of the oscillating system, the 
load receive power. If then the rate of power dissipation of the 
line u should happen to be exactly the average, t^o, of the entire 
system, power would flow from the transformer over the line into 
the load, but in the line the flow of power would be uniform, as 
the line neither receives energy from nor gives ofif energy to the 
rest of the system, but its stored energy corresponds to its rate 
of power dissipation. 
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(6) If the flow of power decreases along the line, every line 
element receives more power at one end than it gives off at the 
other end. That is, energy is supplied to the line elements by 
the flow of power, and the stored energy of the line element thus 
decreases at a slower rate than corresponds to its power dissipation 
by r and g. Or, in other words, a part of the power dissipated in 
the line element is supplied l)y the flow of power along tlu^ line, 
and only a part supplied by the stored enc'rgy. 

Since the current and voltage would decreases by thc' tc^rm 
if the line element had only its own stored energy availabk', when 
receiving energy from the power flow the decrease of current and 
voltage would be slower, that is, by a term 

* ( 10 ) 

hence the exponential decrement u is decreased to (u — s)j and .s‘ 
then is the exponential coefficient (corresponding to the energy 
supply by the flow of power. 

Thus, while u is called the dimpaiion constant of the circcuit, s 
may be called the power-transfer constant of tluc circcuit. 

Inversely, however, in its propagation along tlie (circuit, X, sudi 
a traveling wave must decrease in intcmsily m()r(' ra|)idly than 
corresponds to its power dissipation, l)y the sanu' fa(ct()r l)y whi(ch 
it increased the energy supply of the line ek'nu'nts ()V(^r whi(ch it 
passed. That is, as function of the distan(c(^, tluc factor must 
enter.* In other words, su(;h a trav(tiug wave, in passing along 
the line, leaves energy behind in tlu^ liru^ (‘kmumts, at tlu^ rat(^ 
€ + and therefore decr(^as(^s faster in the directiion of prognvss 
by €"■ That is, it scatt(‘rs a part of its eiu^gy along its path 
of travel, and thus dies down more rapidly with the distance of 
travel. 

Thus, in a traveling wave of decreasing powtT flow, tlu^ time 
decrement is changed to and the distaruu^ (kHtnniumt € + 

added, and the equation of a traveling wavc^ of d(H;r(‘asing p()W(‘r 
flow thus is 

i = (;(>s (^ — 4^ — 7), ) . . 

e = eo6"'^^"*^^€““®^eos (0~-co---7)==Coe""“^€+®^^™‘^^ (‘.os (<5^ — 40— 7); ) ^ 

* Due to the use of the velocity unit of length X, distance and tirnc^ are 
given the same units, k *= Xo; and the time docremumt, and the distance 
decrement, give the same coefficient s in th(‘. exponent. Otherwise, the 
velocity of propagation would enter as factor in the exponent. 




Both forms of the expressions of e, and po of equations (11) 
and (12) are of use. The first form shows that the wave de- 
creases slower with the time t, but decreases with the distance X. 
The second form shows that the distance X enters the equation 
only in the form t — X and <t> — o) respectively, and that thus for 
a constant value of t — \ the decrement is that is, in the 

direction of propagation the energy dies out by the power dissi- 
pation constant u. 

Equations ( 10 ) to (12) apply to the case, when the direction 
of propagation, that is, of wave travel, is toward increasing X. 
For a wave traveling in opposite direction, the sign of X and thus 
of 6; is reversed. 

(c) If the flow of power increases along the line, more power 
leaves every line element than enters it; that is, the line element 
is drained of its stored energy by the passage of the wave, and thus 
the transient dies down with the time at a greater rate than corre- 
sponds to the power dissipation by r and g. That is, not all the 
stored energy of the line elements supplies the power which is 
being dissipated in the line element, but a part of the energy 
leaves the line element in increasing the power which flows along 
the line. The rate of dissipation thus is increased, and instead 
of u, (u + s) enters the equation. That is, the exponential time 
decrement is 

^-(u + a)<^ ( 13 ) 

but inversely, along the line X the power flow increases, that is, 
the intensity of the wave increases, by the same factor or 
rather, the wave decreases along the line at a slower rate than 
corresponds to the power dissipation. 

The equations then become: 

cos (0 — 0; — 7) cos (0 — co — 7), ) , . 

C = cos ( 0 — CO — 7) cos ( 0 — 6; — 7), J ^ 


and the average power is 



2 ' 


( 15 ) 
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that is, the power decreases with the time at a greater, but with 
the distance at a slower, rate than corresponds to the power 
dissipation. 

For a wave moving in opposite direction, again the sign of X 
and thus of co would be reversed. 

35 . In the equations (10) to (15), the power-transfer constant 
s is assumed as positive. In general, it is more convenient to 
assume that s may be positive or negative; positive for an increas- 
ing, negative for a decreasing, flow of power. The equations (13) 
to (15) then apply also to the case (6) of decreasing power flow, 
but in the latter case s is negative. They also apply to tlui (iase 
(a) for s = 0. 

The equation of current, voltage, and power of a traveling wave 
then can be combined in one expression: 

i = (“+«)< e ± cos (<^)q= 0) — 7) = 6~ “''"'^^'’cos ((;()=F co — 7) , J 

g = eoe~(“+*)‘«='=''^cos(<;i>q=co— <:os(fl!>=F £0 — 7 ), ^ ' ■' 

PO = + = ':'|?e-2«(4-2.(iT-X), (17) 

2 2 

where the upper sign applies to a wave traveling in the direction 
toward rising values of X, the lower sign to a wav(^ traveling in 
opposite direction, toward decreasing X. Usually, waves of both 
directions of travel exist simultaneously (and in proportions d(‘- 
pending on the terminal conditions of the oscillating system, as 
the values of i and e at its ends, etc.)* 

s = 0 corresponds to a traveling wave of constant powc^r flow 
(case (a)). 

5 > 0 corresponds to a traveling wave of increasing power flow, 
that is, a wave which drains the circuit over which it travels of 
some of its stored energy, and thereby increasCwS the time ratc^ of 
dying out (case (c)). 

^ < 0 corresponds to a traveling wave of decreasing power flow, 
that is, a wave which supplies energy to the c^ircuit over whic‘h it 
travels, and thereby decreases the time rate of dying out of tlie 
transient. 

If ,9 is negative, for a transient wave, it always must be 

— « = ti, 

since, if — ^ > t/, u + s would be negative, and would 

increase with the time; that is, the intensity of the transient would 
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increase with the time, which in general is not possible, as the 
transient must decrease with the time, by the power dissipation 
in r and g. 

Standing waves and traveling waves, in which the coefficient 
in the exponent of the time exponential is positive, that is, the 
wave increases with the time, may, however, occur in electric cir- 
cuits in which the wave is supplied with energy from some outside 
source, as by a generating system flexibly connected (electrically) 
through an arc. Such waves then are '^cumulative oscillations.’’ 
They may either increase in intensity indefinitely, that is, up to 
destruction of the circuit insulation, or limit themselves by the 
power dissipation increasing with the increasing intensity of the 
oscillation, until it becomes equal to the power supply. Such 
oscillations, which frequently are most destructive ones, are met in 
electric systems as “arcing grounds,” “grounded phase,” etc. 
They are frequently called “undamped oscillations,” and as such 
find a use in wireless telegraphy and telephony. Thus far, the 
only source of cumulative oscillation seems to be an energy supply 
over an arc, especially an unstable arc. In the self-limiting cumu- 
lative oscillation, the so-called damped oscillation, the transient 
becomes a permanent phenomenon. Our theoretical knowledge of 
the cumulative oscillations thus far is rather limited, however. 

An oscillogram of a “grounded phase ” on a 154-mile three- 
phase line, at 82 kilovolts, is given in Figs. 44 and 45. Fig. 44 
shows current and voltage at the moment of formation of the 
ground ; Fig. 45 the same one minute later, when the ground was 
fully developed. 

An oscillogram of a cumulative oscillation in a 2500-kw. 100,000- 
volt power transformer (60-cycle system) is given in Fig. 46. It 
is caused by switching off 28 miles of line by high-tension switches, 
at 88 kilovolts. As seen, the oscillation rapidly increases in in- 
tensity, until it stops by the arc extinguishing, or by the destruc- 
tion of the transformer. 

Of special interest is the limiting case, 

— 6 ‘ = U] 

in this case, u + s = 0, and the exponential function of time 
vanishes, and current and voltage become 

i = cos (<^ =F oj — y), ) 

e = cos (<j£> =F cu — y), ) 


( 18 ) 




ca>10C^. — of Ardng Ground on 154 Mil^ of l(X),(XK)-volt Transmi^on Line. 
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Kg. 46 .^ — cd 1(XX)1. — Oscillogram of Cumulative Oscillation in High-potential Coil of 2500-kw. Step-up Transformer 
Cau^d by Disconnecting 28 Mil^ of 100, OCX)- volt Transmission line; High-tension Switching. 
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that is, are not transient, but permanent or alternating currents 
and voltages. 

Writing the two waves in ( 18 ) separately gives 

i = cos ((#>— w — 7 i) — 'Ve“'^ (<)!> + w — 72), \ 
e = fioe’'"*'' cos (<)!>— w — 7i) + Co'e“"'' (?!> + w— 72), ) 

and these are the equations of the alternating-cnirrent transmission 
line, and reduce, by the substitution of the comi)lex quantity for 
the function of the time angle to the standard form given in 
“Transient Phenomena,” Section III. 

36. Obviously, traveling wav(« and standing wave's may occur 
simultaneously in the same circuit, and tisually <lo so, just as in 
alternating-current circuits effective and reactive waves ocemr 
simultaneously. In an alternating-emrrent circuit, that is, in 
permanent condition, tlu^ wave of ('ffe'ctive powe'r (eairrent in 
phase with the voltage) and the wave of reactive powt'r (current 
in quadrature with th(^ voltage) are combined into a single wave, 
in which the current is displaced from the voltage l)y more than 0 
but less than 90 degrees. This cannot be*, done with transi('nt 
waves. The transient wave of effective power, that is, the travel- 
ing wave, 

i = toe- cos («#. T w - 7), 
e = cos (<#> =F w — 7), 

cannot be combined with the transient wave of reactive power, 
that is, the stationary wave, 

i = to'«-’“ cos (<#) T w — 7'), 
e — eo'«“”‘8in (<^) =f w — 7'), 

to form a transient wave, in which current and voltage differ in 
phase by, more than 0 but less than 90 degrees, since the traveling 
wave contains the factor resulting from its progression 

along the circuit, while the stationary wave does not contain tins 
factor, as it does not progress. 

This makes* iita theory of transient waves more complex than 
that of alternating waves. 

Thus traveling waves and standing waves can be combined only 
locally, that is, the resultant ^ves a wave in which the phase angle 
between current and voltage changes with the distance X and with 
the time f. 
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When traveling waves and stationary waves occur simultane- 
ously, very often the traveling wave precedes the stationary 
wave. 

The phenomenon may start with a traveling wave or impulse, 
and this, by reflection at the ends of the circuit, and combination 
of the reflected waves and the main waves, gradually changes to a 
stationary wave. In this case, the traveling wave has the same 
frequency as the stationary wave resulting from it. In Fig. 47 is 
shown the reproduction of an oscillogram of the formation of a 
stationary oscillation in a transmission line by the repeated re- 




Fig. 47. — CD11168. — Reproduction of an Oscillogram of Stationary Line 
Oscillation by Reflection of Impulse from Ends of Line. (The lowest curve 
gives a 60-cycle current as time measure.) 

flection from the ends of the line of the single impulse caused by 
short circuiting the energized line at one end. In the beginning of 
a stationary oscillation of a compound circuit, that is, a circuit com- 
prising sections of dijfferent constants, traveling waves frequently 
occur, by which the energy stored magnetically or dielectrically in 
the different circuit sections adjusts itself to the proportion cor- 
responding to the stationary oscillation of the complete circuit. 
Such traveling waves then are local, and therefore of much higher 
frequency than the final oscillation of the complete circuit, and 
thus die out at a faster rate. Occasionally they are shown by the 
oscillograph as high-frequency oscillations intervening between 
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the alternating waves before the beginning of the transient and 
the low-frequency stationary oscillation of the (toinplete circuit. 
Such oscillograms arc given in Figs. 48 to 49. 

Fig. 48A gives the oscillation of tlu^ compound circuit consisting 
of 28 miles of line and the high-temsion winding of tlu' 2.')0()-kw. 
step-up transformer, caused by switching off, by low-tcmsion 
switches, from a sulvstation at the ('iid of a l.lll-inih' thr('('-i)hase 
transmission line, at 88 kilovolts. 



Fig. 48yl. — 01)10002. ~ OHcillogram of Iligh-fmiiKmcy OHoillation Pr('(*o(i- 
ing Low-frequcncy Oscillation of C'oinpouiul C-inaiit of 2H Mil(‘H of 
100,000-volt Line and Step-up Traunformer; lx)w-t(aiHion Hwitching. 


Fig. 4&B gives the oscillation of the compound (unmit consist ing 
of 154 miles of three-phase line and l(),()()()-kw. st(‘p-down trans- 
former, when switching this line, l)y high-tension Hwit(du\s, ofT tlu^ 
end of another 154 miles of threivphase line, at 107 kilovolts. 
The voltage at the end of the supply lim^ is given as ci, at thc^ 
beginning of the oscillating circniit as eg. 

Fig. 49 shows the oscillations and traveling waves appearing 
in a compound circuit consisting of 154 miles of threevphase line 
and 10,000-kw. step-down transformer, l)y switching it on and 
off the generating system, by high-tension switches, at 89 kilo- 
volts. 

Frequently traveling waves are of such high frequency “ 
reaching into the millions of cycles — that the oscillograph does 
not record them, and their existence and approximate magnitude 
are determined by inserting a very small inductance into the 
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Fig. 49. — cd1(X)36. — Oscillogram of OsciUation of Compound Circuit Consisting of 154 Miles of 100,000 Volts Line and Step-up 
Transformer; Connecting and Disconnecting by Low-tension Switches. High-tension Current and Low-tension Voltage. 
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circuit and measuring the voltage across the inductance by spark 
gap. These traveling waves of very high frequency arc extremely 
local, often extending over a few hundred feet only. 

An approximate estimate of the effective frequency of these very 
high frequency local traveling waves can often be made from their 
striking distance_across a small inductance, by moans of the 

relation ^ = y yr — discussed in Lecture VI. 

For instance, in the 100, 000- volt transmission line of Fig. 48 A, 
the closing of the high-tension oil switch produces a high-frequency 
oscillation which at a point near its origin, that is, near the switch, 
jumps a spark gap of 3.3 cm. length, corresponding to ei = 3*5, 000 
volts, across the terminals of a small inductaiuu^ (‘.onsisting of 34 
turns of 1.3 cm. copper rod, of 15 cm. mean diametcT and 80 cm. 
length. The inductance of this coil is calculated as approxi- 
mately 13 microhenrys. The line constants, from line to lumtral, 

are L = 0.323 henry, C — 2.2 X 10"”® farad; henct^ « 

VTmS X 10® = 383 ohms. 

The sudden change of voltage at the line terminals, produced 

by closing the switch, is =. 57^7()() volts (4T(‘c.tive, or a 

maximum of eo = 57,700 X V2 = 81,500 volts, and thus gives 

a maximum transient current in the impulse, of to = = 212 

amperes, io = 212 amperes maximum, traversing tlu^ inductance 
of 13 microhenrys, thus give the voltage, r(H5ord(‘d l>y the spark 
gap, of ei = 35,000. If then / = frecpiency of impulse, it is 


Or, 


ex = 27r/Li(). 

35,000 

2VX 13 X' i0-» X 212 
= 2 , 000,000 cycles. 


37 . A common form of traveling wave is the diacharg(; of a 
local accumulation of stored energy, as producer! for instancr! by 
a direct or induced lightning stroke, or by the local disturbance 
caused by a change of circuit conditions, as by switching, the 
blowing of fuses, etc. 
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Such simple traveling waves frequently are called ^Hmpulses.^’ 
When such an impulse passes along the line, at any point of 
the line, the wave energy is zero up to the moment where the 
wave front of the impulse arrives. The energy then rises, more 
or less rapidly, depending on the steepness of the wave front, 
reaches a maximum, and then decreases again, about as shown in 
Fig. 50. The impulse thus is the combination of two waves. 



Fig. 50. — Traveling Wave. 


one, which decreases very rapidly, and thus preponder- 

ates in the beginning of the phenomenon, and one, which decreases 
slowly, Hence it may be expressed in the form: 

Po = + (20) 

where the value of the power-transfer constant s determines the 
steepness of wave front.” 

Figs. 51 to 53 show oscillograms of the propagation of such an 
impulse over an (artificial) transmission line of 130 miles,* of the 
constants : 

r == 93.6 ohms, 

L = 0.3944 henrys, 

C = 1.135 microfarads, 

thus of surge impedance zq = = 590 ohms. 

The impulse is produced by a transformer charge.f 

Its duration, as measured from the oscillograms, is Tq = 0.0036 
second. 

In Fig. 51, the end of the transmission line was connected to a 
noninductive resistance equal to the surge impedance, so as to 

* For description of the line see “Design, Construction, and Test of an Arti- 
ficial Transmission Line,^’ by J. H. Cunningham, Proceedings A.LE.E., January, 
1911. 

t In the manner as described in “Disruptive Strength of Air and Oil with 
Transient Voltages,’^ by J. L. R. Hayden and C. P. Steinmetz, Transactions 
A.I.E.E., 1910, pagell25. The magnetic energy of the transformer is, however, 
larger, about 4 joules, and the transformer contained an air gap, to give constant 
inductance. 
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Fig. 51. — cd1U45. — Eepr(>(lu(tti(m of OHdllogmm of Propagation of 
IrapiilHc Over TraiisiniaHion laiu?; no H<4itu^tion, Volt, age. 



1^'ig. 52. — CDlll52.*™~llepro(luetiDn of ()Hcilk>gram of Propagatioii of Im- 
pulse Over Transmission Line;ll«jflection from 0|Km End of line. Voltage. 
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give no reflection. The upper curve shows the voltage of the 
impulse at the beginning, the middle curve in the middle, and the 
lower curve at the end of the line. 

Fig. 52 gives the same three voltages, with the line open at the 
end. This oscillogram shows the repeated reflections of the vol- 
tage impulse from the ends of the line, — the open end and the 
transformer inductance at the beginning. It also shows the in- 
crease of voltage by reflection. 



Fig. 53. — CD11153. — Reproduction of Oscillogram of Propagation of Im- 
pulse Over Transmission Line; Reflection from Open End of Line. 
Current. 

Fig. 53 gives the current impulses at the beginning and the mid- 
dle of the line, corresponding to the voltage impulses in Fig. 52, 
together with the primary current of the transformer, This 
oscillogram shows the reversals of current by reflection, and the 
formation of a stationary oscillation by the successive reflections 
of the traveling wave from the ends of the line. 



LECTURE IX. 

OSCILLATIONS OF THE COMPOUND CIRCUIT. 


38. The most interesting and most important appliiuition of 
the traveling wave is that of the stationary oseillation of a (com- 
pound circuit, as industrial (circuits are never uniform, Init consist 
of sections of different chara(ct(cristi(cs, as tluc gtuuTating system, 
transformer, line, load, etc. Oscillograms of sucli (circuits have 
been shown in the previous lecture. 

If we have a circuit consisting of sections 1 , 2 , 3 . . . , of the 
respective lengths (in v(clocity measure) Xi, Xg, Xa . . . , this 
entire circuit, when left to itself, gradually dissipati^s its storied 
energy by a transient. As funiction of the tinuc, this transiimt 
must decrease at the same rate uq througliout tluc (uitire (cir(cuit. 
Thus the time decrement of all the sections must be 

Every section, however, has a power-dissipation constant, tig, 
W3 . . . , which represents the rate at whi(‘h tlie st()r(Hl eiuTgy 
of the section would l^e dissipated l)y the lossics of power in the 
section, 

. . 

But since as part of the whohe circuit eacli section must di(^ 
down at the same rate 6"”^, in addition to its power-dissipation 
decrement €"“^1^, . . . , eaich He(cti()n must still have a second 

time decremimt, ^ Xhis latter d()(‘B not 

represent power dissipation, and thus represents power transfer. 
That is, 

Si = t^O — Uij 

Sg *= (1) 


It thus follows that in a compound circuit, if uq is the average 
exponential time decrement of the complete circuit, or the average 

108 
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power-dissipation constant of the circuit, and u that of any section, 
this section must have a second exponential time decrement, 

s = uo — Uj (2) 

which represents power transfer from the section to other sections, 
or, if s is negative, power received from other sections. The oscil- 
lation of every individual section thus is a traveling wave, with a 
power-transfer constant 5 . 

As Uo is the average dissipation constant, that is, an average of 
the power-dissipation constants u of all the sections, and $ = Uq — ii 
the power-transfer constant, some of the s must be positive, some 
negative. 

In any section in which the power-dissipation constant u is less 
than the average uq of the entire circuit, the power-transfer con- 
stant 8 is positive; that is, the wave, passing over this section, in- 
creases in intensity, builds up, or in other words, gathers energy, 
which it carries away from this section into other sections. In 
any section in which the power-dissipation constant u is greater 
than the average Wq of the entire circuit, the power-transfer con- 
stant s is negative; that is, the wave, passing over this section, 
decreases in intensity and thus in energy, or in other words, leaves 
some of its energy in this section, that is, supplies energy to the 
section, which energy it brought from the other sections. 

By the power-transfer constant s, sections of low energy dissi- 
pation supply power to sections of high energy dissipation. 

39 . Let for instance in Fig. 43 be represented a circuit consist- 
ing of step-up transformer, transmission line, and load. (The 
load, consisting of step-down transformer and its secondary cir- 
cuit, may for (;onvenience be considered as one circuit section.) 
Assume now that the circuit is disconnected from the power sup- 
ply by low-tension switches, at A, This leaves transformer, line, 
and load as a compound oscillating circuit, consisting of four 
sections: the high-tension coil of the step-up transformer, the two 
lines, and the load. 

Let then \i = length of line, X 2 == length of transformer circuit, 
and X 3 = length of load circuit, in velocity measure.* If then 

* If = length of circuit section in any measure, and Lo = inductance, 
Co « capacity per unit of length h, then the length of the circuit in velocity 
measure is Xi ~ cro^i, where <ro = V'LoCq. 

Thus, if L = inductance, C « capacity per transformer coil, n = number of 
transformer coils, for the transformer the unit of length is the coil; hence the 
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ui = 900 = power- dissipation constant of the line, ut = 100 * 
power-dissipation (jonstantof transformer, and m = 1000 = power- 
dissipation constant of the load, and the reH|)e(stive lengths of the 
circuit sections are 


Xi = 1.5 X 10-®; Xs = 1 X 10-®; X, - 0.5 X ir®, 


it is: 


Lin©. 

TranHfoniier. 

Lm«. 

LmuI. 

Bum. 

Length: 

Power-dissipa- 

X — 


ixio » 1 

.5X10*^ 

.5X10“» 

4.5XUH 

tion constant: 

U aa 

900 

ICK) 

IKK) 

imx) 



tiX « 

1.35 

.1 

1.35 

.8 

3.6 

hence, 

Wq« 

averages u 

V,/\ 

» ^ ^ 8(K), 

and: 



Power-transfer 







constant: «“Wo 


-1(X) 

+7(K) 

-HK) 

^H(K) 



The traxisforrner thus diasipatea power at the* rat(^ » 100, 
while it sends out power into the oth<T stHdions at tlu^ rate of 
52 = 700, or seven times as much as it dissipiit<\H. Tliat is, it bu})™ 
plies seven- eighths of its stored energy to other stHd ions. Tlu^ load 
dissipates power at the rat(‘ t/3 « 1000, and r(‘C‘{*iv(*s powt^r at the 
rate — .s‘ = 800; that is, half of the powt'r which it dissipatt's is 
supplied from the other sections, in this cas(‘ the^ trausfornu'r. 

The transmission line dissipates power at tlu* rat(‘ Ui « 000, 
that is, only a little faster than tlm average i)owcn* dissipation of 
the entire circuit, ao 800; and the line thus rt'ceivtns powcu* only 
at the rate —8 = 100, that is, re(H‘ives only one-nint!i of its power 
from the transformer; the other (‘ight-ninths conu^ from its storcHl 
energy. 

The traveling wave passing along the (^iremit scMdion tlms 
increases or decreases in its power at the rate that is, 

in the line: 

p =3 the energy of the wave (kH‘reaB(*H slowly; 

in the transformer: 

p == the energy of the wave incTC'iws rapidly; 

length k = n, and the length in velocity meiM*nn*, X " w ® n VlC. Or, if 
L = inductance, capacity of the entire transformer, ite length in velocity 
measure is X « VlC. 

Thus, the reduction to velocity measure of distance is very simple. 
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in the load: 

p = 2936'' the energy of the wave decreases rapidly. 

Here the coefficients of pi, p 2 , Ps must be such that the wave at the 
beginning of one section has the same value as at the end of the 
preceding section. 

In general, two traveling waves run around the circuit in 
opposite direction. 

Each of the two waves reaches its maximum intensity in this 
circuit at the point where it leaves the transformer and enters 
the line, since in the transformer it increases, while in the line it 
again decreases, in intensity. 



Fig. 54. — Energy Distril)ution in Compound OBcillation of Closed Circuit; 

High Lino Loss. 


Assuming that the maximum value of the one wave is 6, that of 
the opposite wave 4 megawatts, the power values of the two waves 
then are plotted in the upper part of Fig. 54, and their difference, 
that is, the resultant flow of power, in the lower part of Fig. 54. 
As seen from the latter, there are two power nodes, or points over 
which no power flows, one in the transformer and one in the load, 
and the power flows from the transformer over the line into the 
load; the transformer acts as generator of the power, and of this 
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power a fraction is consumed in the line, the rest supplied to the 
load. 

40. The diagram of this transient power transfer of the system 
thus is very similar to that of the permanent power transmis- 
sion by alternating currents: a source of power, a partial con- 
sumption in the line, and the rest of the pow(‘r consumed in 
the load. 

However, this transient power-transf(‘r diagram d(Kss not repre- 
sent the entire power which is being eonsunuul in the (‘inuiit, as 
power is also supplied from the stored energy of the circniit; and 
the case may thus arise — which cannot exist in a pcirmanent 
power transmission ~ that the power dissi|)ation of the line is 
less than corresponds to its stored Cinergy, and the line also supplies 
power to the load, that is, acts as generator, and in this case the 
power would not be a maximum at the transformer terminals, 
but would still further inc^rease in the line, rea(dung its maxi- 
mum at the load terminals. This obviously is possil)le only 
with transient power, where the line has a store of energy from 
which it can draw in supplying power. In permanent (sondition 
the line could not add to the powc^r, but must consurtie, that is, 
the permanent power-transmission diagram must always b(^ like 
Fig. 54. 

Not so, as seen, with the transient of the stationary oscillation. 
Assume, for instance, that we reduce the power dissipation in 
the line by doubling the conductor section, that is, reducing tlu^ 
resistance to one-half. As L thereby also slightly decreas(\s, 
C increases, and g possibly changes, the change brought about in 

the constant | iB not necessarily a reduction to one- 

half, but depends upon the dimensions of the line. Assuming 
therefore, that the power-dissipation constant of the \hm is by the 
doubling of the line section reduced’ from Ui « 900 to th « 500, 
this gives the constants: 



Tmntformer. 

Lint, 

Load. 

X- 1.5X10"“3 

1X10-"* 

1.5X10-® 

.5X10™^ 

w- 500 

100 

5(X) 

IfKK) 

,75 

.1 

.75 

.8 

hence, uo * average u « 

- 533, and: 


8*® 4*33 

+433 

+83 

-1067 


Sum. 

4.5X10-* 

2.4 
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That is, the power-transfer constant of the line has become posi- 
tive, Si = 33, and the line now assists the transformer in supplying 
power to the load. Assuming again the values of the two travel- 
ing waves, where they leave the transformer (which now are not 
the maximum values, since the waves still further increase in 
intensity in passing over the lines), as 6 and 4 megawatts respec- 
tively, the power diagram of the two waves, and the power dia- 
gram of their resultant, are given in Fig. 55. 



Fig. 55. — Knergy Distribution in C'ompound Oscillation of Closed Circuit; 

Low Line Loss. 


In a closed circuit, as here discussed, the relative intensity of 
the two component waves of opposite direction is not definite, 
but depends on the circuit condition at the starting moment of 
the transient. 

In an oscillation of an open compound circuit, the relative 
intensitieKS of the two component waves are fixed by the condition 
that at the open ends of the circuit the power transfer must be 
zero. 

As illustration may be considered a circuit comprising the high- 
potential coil of the step-up transformer, and the two lines, which 
are assumed as open at the step-down end, as illustrated diagram- 
matically in Fig. 56. 
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In thin t«a«o tlie two wavea must la* of the Hamc intensity, so 
as to give 0 as resultant at the oiam ends of tlie line. A power 
nolle then apfieara in the centor of the transformer. 

41 . A stetionary osinllation of a comixnmd circuit consists of two 
traveling wavw, traveling tiie ciri'uit in opiKisito din'ction, and 
transferring power between the circuit aections in such a manner 
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as to give the same rate of energy dissipation in all circuit sections. 
As the result of this power transfer, the stored energy of the 
system must be uniformly distributed throughout the entire 
circuit, and if it is not so in the beginning of the transient, local 
traveling waves redistribute the energy throughout the oscillat- 
ing circuit, as stated before. Such local oscillations are usually 
of very high frequency, but sometimes come within the range of 
the oscillograph, as in Fig. 47. 

During the oscillation of the complex circuit, every circuit 
element d\ (in velocity measure), or every wa^i/e length or 
part of the wave length, therefore contains tl|0 same amount ^^ 
stored energy. That is, if Co = maximum voltfge, i 

current, and Xo = wave length, the average .ener 

1)0 constant throughout the entire circuit. :Sinci 
velocity measure, Xo is constant and equal to the pieri 
out all the sections of the circuit, the product of ma: 
and of maximum current, Coio, thus must be const, 
the entire circuit. ^ ^ . ^ 

The same applies to an ordinary traveling wave or^mpul^, 
Since it is the same energy which moves along the circuit 
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constant rate, the energy contents for equal sectio; 
must be the same except for the factor by 
decreases with the time, and thus with the (iii 
during this time. 

Maximum voltage eo and maximum current 
related to each other by the conditioi^ 

^0 _ ^ _ i • 

io~ ° Vco’ > 

and as the relation of Lo and Co is different in the different se^kins, 
and that very much so, Zo, and with it the ratio of maximum 
voltage to maximum current, differ for the different sections of 
the circuit. 

If then 6i and ii are maximum volta^ and maximum current 
respectively of one section, and Zi = 



is the “natural imped- 


ance of this section, and C 2 , h, and Z 2 
ing values for another section, it is 

6212 = ^lii, 




L 2 


are the correspond- 


( 4 ) 
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and since 


th 
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That, is, in the sanii' oscillatinK circuit, tlu* nurxiinum vultaRcs 
Co in the different scctinns arc projKirtinniil tit, and the maximum 
currents to invcrw'Iy proportional to. the siiuare root of the natural 
impedances Za of the sections, that is, to the fourth root of the 


ratios of inductance to capacity f?' • 

' » 

At every transition jKtint lw>tween succi'ssive sections traversi'd 
by a traveliiiK wave, as those of an itscillafing system, a trans- 
formation of voltagi' and of current occurs, by a transformation 
ratio which is the sipuirt' rtH>t of thi' ratio of the natural im{)ed- 


ances, 20 



of thi‘ two resjM'ctive s(*ctions. 


When passing from a seetum of high capacity and low induc- 
tance, that is, low inuredance 20 , to a wadion of low cai>acity and 
high inductance, that is, high imiH'dance z», tis when passing from 
a transmission line into a transformer, or from a cable into a trans- 
mission line, the voltage thus is transformed up, and the current 
transformed down, and inverstdy, with a wave passirig in opjawite 
direction. 

A low-voltage high-current wave in a transmission line thus 
becomes a high-voltage low-current wave in a transfonner, and 
inversely, and thus, while it may lie harmless in the line, may 
become destructive in the transformer, etc. 
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42. At the transition point between two successive sections, 
the current and voltage respectively must be the same in the 
two sections. Since the maximum values of current and voltage 
respectively are different in the two sections, the phase angles of 
the waves of the two sections must be different at the transition 
point; that is, a change of phase angle occurs at the transition 
point. 

This is illustrated in Fig, 58. Let Zq = 200 in the first section 
(transmission line), zq == 800 in the second section (transformer). 

v/^=2- 
V 200 


The transformation ratio between the sections then is 


that is, the maximum voltage of the second section is twice, and 
the maximum current half, that of the first section, and the waves 
of current and of voltage in the two sections thus may be as 
illustrated for the voltage in Fig. 58, by 6162- 



Fig. 58. — Kffeot of Transition Point on Traveling Wave. 


If then e' and i' are the values of voltage and current respec- 
tively at the transition point between two sections 1 and 2, and 
Cl and ii the maximum voltage and maximum current respec- 
tively of the first, 62 and ii of the second, section, the voltage phase 
and current phase at the transition point are, respectively: 

For the wave of the first section: 

e' j . 

— = cos 7i and -r = cos di. 

^1 

For the wave of the second section: 


( 9 ) 
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Dividing the two pains of (spiationH of (9) givers 


hence, multiplied, 


or 


<‘OH 7«i _ f I 
(HKS 7i Oi 

COH ^2 _ h 

COS 5 1 4 




(‘OH 72 ^ (’OH 52 ^ J 
e()H7i eos5i 

(H)H72 _ <‘oh5i 

cos 7 1 COM 5*2 


or 


eoH7i eoH5i « eoH72(‘(^H52; 


( 10 ) 


( 11 ) 


that is, the ratio of tlu^ (a)Hiiu‘H of th(‘ (Hirnnit phaw^H at the tran- 
sition point is the re(*iproeal of the ratio of th(‘ eosim’s (jf the* 
voltage phases at this point . 

Since at the transition point hc‘tween two sectiouH tlu* voltage* 
and current change, from ci, i\ to 4, hy the transh^rmation ratio 

this change can also he rc'presc'nted as a partial r(‘ll(H*tion. 

That is, the current h can h(' (‘onsidenHl as consisting of a compo- 
nent %, which paHS(‘s ov(*r tlu* transition |)oint, is** transmitte'd 
current, and a compotu‘nt /i' « i\ — 4, which is reflect chI 
current, etc. The gnniter th(‘n th(» c*hang(* of (!ir(*uit (constants 
at the transition point, the gr(*at(*r is tlie diff(*renc(* hetwec*n tin* 
currents and voltage’s of tlu* two sc’ctions; that is, the more* of 
current and voltage are reflectc’d, tlu^ k’ss transmitted, and if the 
change of constants is very grc*at, as when entering from a trans- 
mission line a reactance of very low capacity, almost all the 
current is reflected, and vc*ry little passes into and througli the* 
reactance, but a high voltage is produced in the reactance*. 



LECTURE X. 

CONTINUAL AND CUMULATIVE OSCILLATIONS. 

43. A transient is the phenomenon by which the stored energy 
readjusts itself to a change of circuit conditions. In an oscilla- 
tory transient, the difference of stored energy of the previous 
and the after condition of the circuit, at a circuit change, oscillates 
between magnetic and dielectric energy. As there always must 
be some enc^rgy dissipation in the circuit, the oscillating energy 
of the transient must steadily decline, that is, the transient must 
die out, at a rate depending on the energy dissipation in the cir- 
cuit. 

Thus, the oscillation resulting from a change of circuit condi- 
tions can l)ecome continual, that is, of constant amplitude, or 
cumulative, that is, of increasing amplitude, only if a steady 
supply of oscillating energy occurs. 

Continual and cumulative oscillations thus involve a con- 
tinual energy supply to the oscillating system, therefore cannot 
b(^ mere readjustments of circuit conditions by the dissipation 
of stored energy. 

If the continual energy supply is less than the energy dissipa- 
tion in the circuit, the oscillation dies out, that is, is transient, but 
with a lowered attemuation constant. This for instance is the 
case with the transient in those sections of a compound circuit, 
in which the energy transfer constant is negative. If the con- 
tinual energy supply equals the energy dissipation, the oscillation 
is continual, and if the energy supply is greater than the energy 
dissipation, the oscillation becomes cumulative, that is, increas- 
ing in amplitude, until either the system breaks down or, by the 
increase of the energy dissipation, it becomes equal to the energy 
supply, and the oscillation becomes continual. 

A continual or cumulative oscillation thus involves an energy 
and frequency transformation, from the low-frequency or con- 
tinuous-current energy of the power supply of the system to 
the high-frequency energy of the oscillation. 

119 
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This energy transformation may bo lirought alM)ut by tiu' 
transient of energy readjustment, resulting from a (diange of 
circuit conditions, producing again a changes of circuit conditions 
and thereby an energy readjustnu-nt by transient, (d.c. 

For instance, if in an isolated high-pot('ntial transmission liiK', 
the ground is brought within striking distance of on(‘ of the lin(‘ 
conductors — as by the puncture of an insulator. A spark dis- 
charge then occurs to the ground, and the* arc following the 
spark discharges the line by a transi(>nt oscullation, that is, brings 
it down to ground potential (and tlm other two lines, in a threc'- 
phase system, then correspondingly ris(^ in voltag(> to ground, 
from the F to the delta voltag('). As soon as the line is dis- 
charged the arc ceases, that is, the spark gap to gro\md op(>ns, 
and the line then charges again, from the i)ow(w sujjply of 
system, and its voltage to ground rises, until suffiei(>nt to jumj) 
to ground again and start a second transi('nt oscillation, and so 
on continual transient oscillations follow {*ach other, as a “con- 
tinual transient,” or “arcing ground.” Oscillograms, Figs. 59 
and 60, show such a sc'ries of suc.c.('ssivc‘ or “recurrent” oscilla- 
tions, resulting from an arcing ground on otu' phasi* of an iHolat('d 
system consisting of 10 and 21.5 miles rcispcsdively of 22,()()()-volt 
three-phase 40-cycle circuit. In this cases thresi transiemts exa-ur 
during each half wave of voltage. Oscallogram, h'ig. 61, shows an 
arcing ground oscillations on H2 miles of tlu' same* systtun. II<*r{i 
each transient oscillation persists up to the Ix'ginning of the tu'xt 
transient of the same half wave of cirtiuit voltage*, and tlu( recur- 
rent oscillations thus tend to run into each otlnsr and approiu'h 
a continuous oscillation. 

When successive transients run into each other, they naturally 
synchronize, as the first oscillation of the second transic'nt would 
start at a maximum voltage point, that is, at an oscillation max- 
imum of the preceding transient. 

Oscillograms cd15073 and cd15087. Pigs. 62 and 63, show the 
formation of a continuous oscillation by the overlapping of suc- 
cessive recurrent oscillations, and finally oscillograms cd150S)1 and 
15034, Pigs. 64 and 65, show a continuous oscillation. In Figs. 62 
and 63, the component recurrent oscillations arc still noticeable by 
a periodical rise and fall of the amplitude of the wave, while in 
Figs. 64 and 65, the amplitude has become constant. These oscillo- 
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Fig. 69.— Recurrent OsrAllation of Arcing Ground, in 10 Miles of 22,000- 
volt Three-phase 40-cycle Transmission Line. 



Fig. 60. — Recurrent Oscillation of Arcing Ground, in 21.6 Mfles of 22,000- 
volt Three-phase 40-cyole Transmission Line. 



-V, 
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Fig. 61.— Change from Recmrent to Continuous Oscillation of Arcing 
Ground, in 32 Miles of 22,000-volt Three-phase 40-cycle Transmission 

Lia©. 
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grams, Figs. 62 to 65, were taken on mi artifuvial transmission line.' 
Oscillations of the type 64 and 65 are industrially used, as *'sing 
ing arc,” in wireless telegraphy, and are produced liy shunting 
suitable arc by a circuit containing capacity and inductance ii 
series with eacli other. 



Fig. 62. —* Scmi-continuous “Recurrent. OHcillation of Arcing (jrouinl in 
TrauHiniBHion Line. 



Fig. 63.-- Semi-continuous Recurrent OiciUation of Arcing Oroimcl In 
Trmismisaion line. 


* Design, Construction and Test of an Artificial Tranimission Line/* 
J. H. Cunningham, A. I. B. E. Transact., 1911. 
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Fig. G4. — Continuous Oscillation of Arcing Ground in Transmission Line. 



Fig. 65. ~ Continuous Oscillation of Arcing Ground in Transmission Line. 


44. How(ivcr, the fonnation of continuous oscillations; Figs. 61 
to 65, from the recurrent oscillations, Figs. 59 and 60, is not a 
nu‘re running together and overlapping of successive wave trains. 
In Fig. 59, the succeeding oscillation cannot start, until the pre- 
(ieding oscillation has died out and a sufl&cient time elapsed, for 
tlie line to charge again to a voltage which is high enough to dis- 
(iharge to ground and so start the next oscillation, that is, to store 
the energy for the next oscillation. If then, with an overlap of 
successive oscillations, no dead period occurs, during which the 
energy, which oscillates during the next wave train, is supplied to 
the line, this energy must be supplied during the oscillation, that 
is, there must be such a phase displacement or lag within the oscil- 
lation, which ^ves a negative energy cycle, or reversed hysteresis 
loop. Thus, essential for such a continual oscillation is the 
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existence of a hysteresis loop, formed by tlu^ lag of the elTc'ct be- 
hind the cause. Such a hysteresis loop exists in tlu^ transient 
arc, as illustrated by Fig. 06: the transient volt-ampere eharae- 
teristic of a short high-temperature metal arc, between titanium 
and carbon. In this figure, the stationary are eharaeteristie, that 
is, the relation between arc voltage and arc; (iurnait in stationary 
conditions, is shown in dotted lim^s, and the drawn line shows thci 
cycle existing between arc curnniit and ar(! voltagt' during a ('yelic. 
change of current, from zero to 4.1 amp<^r(‘s and back to z('ro, 
within tiff of second, with tlu) (iurnait varying airproximattdy 
as a sine function of the time. As seen, for rising (mrn'nt, tlu; 
arc voltage is materially higher than for dt'cn'jusing current. 
Close to zero current, the arc hius ceiused, and (iei.ssk'r tube' con- 
duction passes the current Ijhrough tlu^ resiihial vapor stream. 

Other hysteresis cycles than those of the arc arc^ in.st rumen tal 
in the energy supply to other systems of continual oscillation. 
Thus, for instance, the hysteresis cych^ b(>tw(H'n synchronizing 
force and position displacement 8ui)plieH the energy of the con- 
tinual or cumulative oscillation, called hunting, in synchronous 
machines, as alternators, synchronous motors and convi'rters. 
The mechanism, by which the hysten'sis cycle Hupplii's tlu> tmergy 
of continual oscillations, has beem inv(vstigat('d in the cas(^ of the 
hunting of synchronous machimis,* but is still jiractically un- 
known in the case of continual oscillations between jnagn(vt,i (5 
and dielectric energy in electric circuits. 

Recurrent oscillations, as in Fig. .59, must bcf or V(>ry soon be- 
come continual, that is, the successive! wave trains an' of approx- 
imately constant amplitude, since t!ach starts with the same 
energy, the stored energy of the supply system. Continual 
oscillations, however, in which the energy supply is through a 
hysteresis cycle, may be cumulative: the area of the hysteresis 
cycle, that is, the energy supply, deptiiids on and increases with 
the voltage and current of the oscillation, and the voltagf! and 
current, that is, the intensity of the oscillation, deijcnds on and 
increases with the energy supply, that is, the area of the hysteresis 
cycle, thus both increase together. 

Such cumulative oscillations are represented for instance by 
Fig. 46, page 99. 

* “Instability of Electric Circuits,” A. I. E. E. ProefMwlinKs, Jan., 1914 . 
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Pig. 66. 
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45. The frequency of the oscillationB usually is the natura'. 
frequency of the oscillating circuit or section of circuit, hut it 
may be some of the higher harmonics of tlu^ generator wav('j 
where such harmonic is near the natural frequen(‘y of thc^ syskan. 
The latter seems to be the cas(i iu the continual arcung grouiul 
oscillation in Figs. 44 and 45, page 98. In Fig. 44, the Ix'giuuiug 
of the disturbance, apparently a harmonic*, of ihv gcuu^ator wave 
builds up by the energy Hiq)i)ly through a beginning arc, and tluai 
builds down again, by being slightly out of resonanc.c^ with a 
multiple of the natural freciuency of tlie (irc.uit. In Fig. 45, the 
arc has completely devel()|)e(l, and one of the harmonicas of the 
generator wave appears as a stc^acly (Continuous oscillation. 

Continual and cumulative oscillations naturally arc* thc^ most 
dangerous phenomena in an electric circuit, for thci n^asons: 

1. While each individual wave or wavc^ train may not hc^ 
sufficient in cmergy and in over-voltage to do harm, thci recurrc'nc^e 
through seconds, minutc*s or hours finally cU'stroys the insulation, 
either by the sustainc'd over-voltage*, or by tlu* dc*c,r(*ast^ of di(*l(‘c- 
tric strength resulting from the lu‘ating of the* insulation (*aus(*d 
by the high fre(iuen(‘y. The ovc*r-voltagt* |)rotective dt*vic‘c*H fre*- 
quently do not offer protendion, jus tlu* ovc‘r-voltag(‘ of tlu* oscilla- 
tion is insufficient to cause a discharge* ovc*r tlie liglitning arr(*8tc*r. 
The only cvffective prot(*cti()n s(*c‘ms to be*, a (‘ontinuous dissipa- 
tion of thci osciillating c'nergy by a rc'sistancc* closing the^ osc*illat- 
ing ciircuit. In general, a modc*rate capac'ity would be* (?onn('(’tc‘d 
in series with such damping r(*siskuic(*, and would lit* cliosen so 
as to allow the high freciuenc’y to pass |)ractically unobHtruct(‘d, 
while practically stopping tlu^ passage of tlu^ macliim^ fre(iu(*ncy, 
and the waste of power, in(4d(*nt thereto. 

2. A continual oscillation involves an energy transformation 
from the power supply of the system to tlu^ oscillation frcK|uc*ncy. 
The energy of the oscillation whicth gives its ckistructivencw tluis 
is not limited to the small amount of the stored magnetic and 
dielectric energy of the system, but is supplied continuously from 
the engine or turbine power. 

3. The continual oscillation is not a resonance phenomenon 
which depends on the frequency of the exciting disturbance just 
coinciding with one of the natural frequencies of the oscillating 
system, and which thus can occur only very rarely. The dis- 
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turbance in the system, as lightning, change of load, etc., is only 
the exciting cause which starts the energy transformation to the 
oscillating freciuency by the arc, etc., and the frequency with 
which the oscillation occurs then is determined by the circuit 
constants. Or, as is often stated: the electric arc has no fre- 
qiKurcy of its own, but oscillates with whatever frequency the 
circuit is able to oscillate. Thus such oscillations are not un- 
common, and hav(^ in the last years been observed, measured and 
re(U)rded in numerous instances, and experimentally produced 
in lim^s and high-potential transformer windings. The continual 
osc/illations in transmission lines usually seem to be recurrent 
oscillations, as in Figs. 59 and GO, while in high-potential trans- 
former windings, due to their much lesser damping, continuous 
oscillations secnn to b('. more common, as in Fig. 46. Our knowl- 
edge of these phenomena is however still extremely incomplete. 



LECTURE XI. 


INDUCTANCE AND CAPACITY OF ROUND 
PARALLEL CONDUCTORS. 


A. Inductance and capacity. 

46. As inductance and capacity are the two circuit constants 
which represent the energy storage, and whi(‘.h tlu^rc^fore iim of 
fundamental importance in the study of transients, tlunr (uilcula- 
tion is discussed in the following. 

The inductance is the ratio of the interlinkages of the mag- 
netic flux to the current. 


where $ = magnetic flux or number of lines of magnetics fori^e, 
and n the number of times which each line of magnetic; for(‘e 
interlinks with the current i. 

The capacity is the ratio of the dielecitric flux to the; voltage*, 


where is the dielectric flux, or number of line;s of dielcK;tric 
force, and e the voltage which produ(;eB it. 

With a single round conductor without return c.onduc.tor (as 
wireless antennse) or with the return e;ondu(;tor at infinite dis- 
tance, the lines of magnetic force are conc(;ntri(; (;ircles, shown by 
drawn lines in Fig. 8, page 10, and the lines of dielcHdric; forc;e 
are straight lines radiating from the conductor, shown dottcKl in 
Fig. 8. 

Due to the return conductor, in a two-wire circuit, the lines of 
magnetic and dielectric force are (;rowded togc^ther between the 
conductors, and the former become eccentric circles, the latter 
circles intersecting in two points (the foci) inside of the con- 
ductors, as shown in Fig. 9, page 11. With more than one return 
conductor, and with phase displacement between the return 
currents, as in a three-phase three-wire circuit, the path of the 
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lines of force is still more complicated, and varies during the 
cyclic change of current. 

The calculation of such more complex magnetic and dielectric 
fields becomes simple, however, by the method of superposition of 
fields. As long as the magnetic and the dielectric flux are pro- 
portional respectively to the current and the voltage, — which is 
the case with the former in nonmagnetic materials, with the latter 
for all densities l)elow the dielectric strength of the material, — 
the resultant fidd of any number of conductors at any point in 
spacer is the (X)mbinati()n of the (‘omponent fields of the individual 
conductors. 



Thus the field of conductor A and return conductor B is the 
combination of the field of Aj of the shape Fig. 8, and the field of 
/i, of the samfi shape, l)ut in opposite direction, as shown for the 
magnetic fudds in Fig. 67. 

All the lines of magnetic force of the resultant magnetic field 
must |)a8B l)etw(‘en tlie two conductors, since a line of magnetic 
force, which surrounds both conductors, would have no m.m.f., 
and thus could not exist. That is, the lines of magnetic force of 
A l)eyond B, and those of B beyond A, shown dotted in Fig. 67, 
neutrali^fe each other and thereby vanish; thus, in determining 
the resultant magnetic flux of conductor and return conductor 
(whether the latter is a single conductor, or divided into two con- 
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ductors out of phase witli ea(‘li other, as in a tfiree-phase circuit), 
only the lines of magnetic force within the* spac't* from con(lu(*tor 
to return conductor iumhI to he (tousidenHl. Tims, tin* resultant 
magnetic flux of a circuit consisting of conductor A and ndurn 
conductor B, at distance ,s‘ from (‘ach otluT, consists of tin* lines 
of magnetic force surrounding A up to the clistancc* s, and the 
lines of magnetic force surrounding B up to ih(‘ distanct* s. The 
former is attributed to th(‘ inductaiKH' of (anuluctor A, the latter 
to the inductance of conductor B. If both condin^tors have 
the same size, they give (Hpial inductanc(‘s; if of untH|ual size, the 
smaller conductor has tlu' higher inductance*. In the* same* manner 
in a three-phase cinmit, the inductance of mvh of tin' thret^ con- 
ductors is that corresponditig to the line's of magnt'ti(* birce sur- 
rounding the respective conductor, up to tln^ distance' o! tin' n'turn 
conductor. 

B. Calculation of inductance* 

47. If r is the radius of the conductor, h tlie distance of the 
return conductor, in Fig. 68, the magncdT* flux (‘onsists of tlmt 
external to the conductor, from r to and that internal to the 
conductor, from 0 to r. 



Fig. 68, Iruluctaacjc CJalcuktifin «»f Circiafc. 


At distance x from the condtictor center, the lengtii of the mag- 
netic circuit is 2 ttx, and if F « m.mi. of the conductor, the mag- 
netizing force is 


/ 



( 3 ) 


and the field intensity 

0C=. , 

X 


0 ) 


hence the magnetic density 

2^F . 

X 


( 5 ) 
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and the magnetic flux in the zone dx thus is 

d<f> = ^dx, 

and the magnetic flux interlinked with the conductor thus is 

, - 2 jjluF j 

nd^ = _ — dx. 


hence the total magnetic flux between the distances Xi and x^ is 


thus the inductance 


n^]i = r? 

Jxi 

3 

L]\ = = t 

Jx 


i ""Jxj ^ i X 


1. External magnetic flux, = r; 0^2 = «; ~ as this flux 

surrounds the total current; and n = 1, as each line of magnetic 
force surrounds the conductor once, /x = 1 in air, thus: 

(9) 

2. Internal magnetic flux. Assuming uniform current density 
throughout the conductor section, it is 

= 0; X2 = r; ^ , 

as the flux is produced i)y a part of the current only; and n = , 

as each line of magnetic force surrounds only a part of the con- 
ductor 


^ - r 

- Jo 


2 ytar’ dx _ n 
^ “2’ 


and the total inductance of the conductor thus is 

/y == Li + La = 2 1 log^ + 1 1 per cm. length of conductor, (11) 
or, if the conductor consists of nonmagnetic material, /i = 1 : 
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This is in absolute units, and, reduced to henrys, = 10” absolute 
units: 

L = 2 1 log ^ ^ I Id' “ P‘'r (13) 

= 2 j log Id “ h per cm. (14) 

In these equations the logarithm is the natural logarithm, which is 
most conveniently derived by dividing th(‘ cotmnon or 10 logarit hm 
by 0.4343.* 

C. Ducusmn of inductance. 

48. In equations (11) to (14) « is th(‘ distance b(‘t \ve<‘u th(‘ con- 
ductors. If s is large comi)ared with r, it is immaterial wla'ther 
as s is considered the distance between the conductor c('nt(‘rs, or 
between the insides, or outsides, etc.; and, in <'alcula1ing th(' in- 
ductance of transniiHsion-line conductors, this is t he <'as<', aiul it 
therefore is immaterial which distanc(‘ is chosen as k\ and usually, 
in speaking of the “distance b(>tween the lint; conductors,” no 
attention is paid to the meaning of «. 



Pig. 69. — Inductiino(» (liilcnlatien of (tattle. 

However, if s is of the same magnitude tis r, as with the con- 
ductors of cables, the meaning of « has to Ih' spctcified. 

Let then in Fig. 69 r = raxiius of conductors, and « =» distatice 
between conductor centers. Assuming uniform ctirrent density 
in the conductors, the flux distribution of conductor A then is as 
indicated diagrammatieally in Fig. 69. 

• 0.4343 logic*. 
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The flux then consists of three parts: 

'I’l, between the conductors, giving the inductance 

Li = 2 log - — - , 
r 

and shown shaded in Fig. 69. 

1 > 2 , inside of conductor A, giving the inductance 



$ 8 , the flux external to A, which passes through conductor B 
and thereby incloses the conductor A and part of the conductor 

F 

B, an<l thus has a m.in.f. less than i, that is, gives -r < 1 . 

% 

lluit iy, a line of tnagnetic force at distance s-~r<a:<s + r 
incloses the part q of the conductor thus incloses the fraction 

of the return current, and thus has the m.m.f. 


F 

i 



An exact calculation of the flux 4 > 3 , and the component inductance 
Xs resulting from it, is complicated, and, due to the nature of the 
phenomenon, the result could not be accurate; and an approxima- 
tion is sufficient in giving an accuracy as great as the variability of 
the phenomenon permits. 

The magncjtic flux ih does not merely give an inductance, but, 
if alternating, produces a potential difference between the two 
sides of conductor B, and thereby a higher current density on the 
side of B toward A; and as this effect depends on the conduc- 
tivity of the conductor material, and on the frequency of the 
current, it cannot be determined without having the frequency, 
etc., given. The same applies for the flux ^i, which is reduced by 
unequal current density due to its screening effect, so that in the 
limiting case, for conductors of perfect conductivity, that is, zero 
resistance, or for infinite, that is, very high frequency, only the 
magnetic flux exists, which is shown shaded in Fig. 5; but #2 
and #3 are zero, and the inductance is 

L = 21og^'' 10-«A. 


(15) 
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That is, in other words, with small conductors and moderate 
currents, the total inductance in Fig. 69 is so small (‘.ompared 
with the inductances in the other parts of tlie elec^tric^ circaiit 
that no very great accuracy of its calculation is required; with 
large conductors and large currents, however, the unequal current 
distribution and resultant increase of resistain^e b(KH)m(^ so (con- 
siderable, with round conductors, as to make their uscc uiUHconom- 
ical, and leads to the use of flat conductors. With flat (U)ndu(ctors, 
however, conductivity and frequeiu^y enter into thcc value of in- 
ductance as determining factors. 

The exact determination of the inductaiu'e of round parallel 
conductors at short distances from (cacch other thus is only of 
theoretical, but rarely of practical, importaruce. 

An approximate estimate of the inductance Lz is given by con- 
sidering two extreme cases: 

(a) The return conductor is of the shape Fig. 70, that is, from 
s — r to s + r the m.m.f. varies uniformly. 



Fig. 70. Fig, 

Inductance Calculation of ("al)l(!s. 


71. 


, (6) The return conductor is of the shape Fig. 71, that is, tlie 

m.m.f. of the return conductor increases uniformly from a — r to 
s, and then decreases again from « to a + r. 

(a) For s — r < X < 8 + r, it is 


hence by (8), 


^ — Lit ^ ^ 

i 2r 2F 2? 


=i 


s + r dx 


s + r. s A-r 


s — r 



by the approximation 

log (1 ± a:) = ± « + ^ ± . , , 


(Ki) 


( 17 ) 

(18) 
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it is 


hence 




- logi^' . i„g(i +0- ,„g(a - r) . 2r. 


1. = 1±£x?-"-2.^'. 

r s s 


(b) For s — r < X < s, it is 
F 


_ _ ^ _ 1 /x — s + r' 
i “ ^ 2 


)■ 


and for s < x < s + r, it is 

F 1 As‘ + r — xY 


hence, 


i 2 


^ + r — 


r r To + rY\dx , + /s + r — xN^dx 

' r-jjr+ j. (,—1—] «' 


1(19) 


( 20 ) 


( 21 ) 


(22) 


and integrated this gives 


La = 2 log 


s — r 


+ 


(s + r)*, ,<; + »' (s — r)“ 


■log 


log 


s — r 


3, (23) 


and by the approximation (18) this reduces to 

L, . (24) 

s 

that is, the same value as (19) ; and as the actual case, Fig. 69, 
should lie betwcu^n Figs. 70 and 71, the common approximation of 
the latter two cases should be a close approximation of case 4. 
That is, for conductors close together it is 

jL =S + Z/2 "f" •^'8 

= 2 j log^ + ^-l-^l lO-^li. . (25) 


T 

However, - can be considered as the approximation of — log 

( t\ 8 

1 _ -j= log^-^, and substituting this in (25) gives, by com- 
bining log + log = log|: 

L = 2 j log^ + ^l lO^A, (26) 
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where s = distance between conductor centers, as the closest 
approximation in the case where the distancu^ between the con- 
ductors is small This is the same expression as (13). 

In view of the secondary phenomena unavoidable in tlie con- 
ductors, equation (26) appears sufficiently accurate for all practi- 
cal purposes, except when taking into consideration the secondary 
phenomena, as unequal current distribution, etc., in which case 
the freciuency, conductivity, etc., are required. 

D, Calculation of capacity. 

49. The lines of dielectric force of the conductor A are straight 
radial lines, shown dotted in Fig. 72, and th(‘ diel(Ht.ric. o(|uipot(m- 
tial lines are concentric circles, shown drawn in Fig. 72. 



Fig. 72. — Electric Field of Conductor. 


If e = voltage between conductor A and return conductor B, 
and s the distance between the conductors, the potential difference 
between the equipotential line at the surface of A, and the equi- 
potential line which traverses B, must be e. 

If e = potential difference or voltage, and I = distance, over 
which this potential difference acts, 

c 

(r = I = potential gradient, or electrifying force, (27) 
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~ 4^72 "" lipi "" field intensity, (28) 

where is the reduction factor from the electrostatic to the 
electromagnetic system of units, and 

V — 3 X 10’® cm. sec. = velocity of light; (29) 

the dielectric density then is 

« - - sSr »o) 

where k = specific capacity of medium, = 1 in air. The dielectric 

Hux then is 

vf* >1 TV KeA ... 




4 ttvH ^ 


whore A - section of dielectric flux. Or inversely: 

4 ttvH ^ ^ 

e = (32) 

If then ■<l>' = dielectric, flux, in Pig. 68, at a distance x from the 
conducitor yl, in a zone of thickness dx, and section 2 ttx, the voltage 
is, by (32), 

j 4Tri;®cte_ 

de = -K ’P 

2TrXK 

2 dx 

= — ^ — , (33) 

K X ^ ' 


and the voltage consumed between distances Xi and thus is 

e] = / (3 


hence the capacity of this space: 


2 log - 


The capacity of the conductor A with the return conductor at 
distance a then is the capacity of the space from the distance 
Zi » r to the distance Xg = a, hence is, by (35), 


2 p^log- 


-per cm. 


(36) 
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in absolute units, hence, reduced to farads, 


^ 10'-^ . 

(j f cm., 

2v^ log^ 

and in air, for /c = 1 : 

10® ^ 

(j , f per em. 

2 y- log ' 


(37) 

(38) 


is the capacity, per conductor, or capacity to neutral,^' as often 
stated. 

Immediately it follows: the external inductance was, by (9), 


Li = 2 log ^ 10"”^ h per cm., 
and multiplying this with (38) gives 

CLi = 



(39) 


that is, the capacity equals the reciprocal of the external inductance 
Li times the velocity square of light. The external inductance Li 
would be the inductance of a conductor which had perfect con- 
ductivity, or zero losses of power. It is 


v' = 


1 

Vie 


- velocity of propagation of the electric field, and this velocity is 
less than the velocity of light, due to the retardation by the power 
dissipation in the conductor, and becomes equal to the velocity of 
light V if there is no power dissipation, and, in the latter case, L 
would be equal to Li, the external inductance. 

The equation (39) is the most convenient to calculate capacities 
in complex systems of circuits from the inductances, or inv((rsely, 
to determine the inductance of cables from the measured capacity, 
etc. More complete, this equation is 


CL 



(40) 


where k = specific capacity or permittivity, n == permeability of 
the medium. 
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E. Conductor with ground return, 

50. As seen in the preceding, in the electric field of conductor A 
and return conductor B, at distance s from each other, Fig. 9, the 
lines of magnetic force from conductor A to the center line CC' 
are equal in number and in magnetic energy to the lines of mag- 
netic force whi(‘.h surround the conductor in Fig. 67, in concentric 
circ^les up to the distancic .s, and give the inductance L of conductor 
A. Th(^ lines of dielectric force which radiate from conductor A 
uj) to tlu'! (amte^r liiu^ CC'^ Pig. 9, are equal in number and in dielec- 
trics cniergy to the lines of dielectric force which issue as straight 
lines from the conductor, Fig. 8, up to the distance s, and repre- 
sent the capacity C of the conductor A. The center line CC' is a 
di(^l(a^tri(‘. (‘quipotential line, and a line of magnetic force, and there- 
fore, if it w(‘re n'placed by a conducting plane of perfect conduc- 
tivity, this would ('xert no eff(H‘.t on the magnetic or the dielectric 
field b(‘tween the^ condue^tors A and B, 

If then, in tlu^ electric field l)etwcen overhead conductor and 
ground, we consider the^ ground as a plane of perfect conductivity, 
we ged. the' same^ elee^trie*, fielel as be^tween conductor A and central 
planer CC' in Pig. 9. That is, the equations of inductance and 
capaelty e)f a'e^e)neluet()r with redairn conductor at distance s can 
be itumenliately applied te) the inductance and capacity of a con- 
duertor with gre)unel return, by using as distance twice the dis- 
tane*e of the ce)neluctor from the ground return. That is, the 
indued;ane*,e^ and e^apacity of a ce)nductor with ground return are 
the same' as tlu^ ineluctance and capacity of the conductor against 
its image conductor^ that is, against a conductor at the same dis- 
tane*e! I)e»le>w the' ground as the conductor is above ground. 

Ah tlu' distane^e h betweem ce)nducte)r and image conductor in 
the' e’ase e)f gre)und rectum is very much larger ~ usually 10 and 
mene^ times — tluin the^ eiistance l)etwcen conductor and overhead 
return e*e)nelucte)r, the induedance of a conductor with ground 
return is much larger, and the capacity smaller, than that of the 
same^ ce)nducte)r with overhe^ael return. In the former case, how- 
ever, this inductance and capacity are those of the entire circuit, 
since the ground return, as conducting plane, has no inductance 
and capacity; while in the ease of overhead return, the inductance 
of the entire circuit of conductor and return conductor is twice, 
the capacity half, that of a single conductor, and therefore the 
total inductance of a circuit of two overhead conductors is greater, 



140 HIJ*]CTItl(^ DIHClIARGEH, AND IMPULSES, 


the capacity Icsb, tlmn that of a Hiiiglo coiuluctor witli ground 
return. 

Thc‘ (‘onc(‘ption of tlie image conductor in l)a8(Hl on that of the 
ground m a conducting plane' of |)erfe(;t eondu(‘tivitj% and assumes 
that the ndurn is hy a (‘urrent sheed. at the' ground surfac^e. As 
regards the eai>acityj this is probably almost always ilu^ euise', as 
even dry sandy soil or rock has sufficient conductivity to carry, 
distributenl over its wide* surface, a curremt eaiual to the capaedty 
curremt of the overhead conduedor. With the* magn(‘tie‘ fic*ld, and 
thus with the inductane'c*, this is not always the* e^ase*, but the* con- 
ductivity of the soil may be* nmch l)elow that reejuire'd to ce)nelue*t 
tluB return current as a surface e*urr<‘nt shc*et. If tin* return cur- 
rent penetratc's te) a ce)nHide*rable elepth into the ground, it may 
be representeel api)roximate*ly as a currc*nt sheet at sonu* distaiu'e* 
below the grounel, anel the *Mmage ce>neluedor ” then is ne)t the^ 
image of the^ overhead conductor l>e*low grounel, l)ut. mucli lower; 
that is, the distance h in the cxiuation e)f the^ ineluctance is more, 
and e)ften muedi more*, tlian twicer the elistance e)f the e)verhe*ad 
conducte)r above gre)uneL However, e*ven if the gre)unel is e)f 
relatively low conductivity, and the return enirrent thus has te) 
penetrate to a ce)nBielerable elistan(*.e into the grounel, the ineluc- 
tanee of the overheael coneluctor usually is not very much increase'el, 
as it varies only little with the distance s, Fe)r instance, if the 
overhead e;otuluctor is | inch diamete*r and 25 feet above grounel, 
then, assuming perfeed. (Jonductivity of the ground surface, the 
inductance woulel l)e 

r = J"; s - 2 X 25' - 600", hence ? = 2400, 

and 

L » 2| logj + ll 10-“ = 16.066 X 10-»A. 

If, however, the ground were of such high resistance that the cur- 
rent would have to penetrate to a depth of over a hundred feet, 
and the mean depth of the ground current were at 50 feet, this 

would give s » 2 X 75' = 1800", hence ^ = 7200, and 
L = 18.264 X 10-^ h, 

or only 13.7 per cent higher. In this case, however, the ground sec- 



ROUND PARALLEL CONDUCTORS, 


141 


tion available for the return current, assuming its effective width 
as 800 feed., would l)e 80,000 square feet, or 60 million times 
gr(nit('r than the section of the overhead conductor. 

Thus only with very high resistance soil, as very dry sandy soil, 
or ro(di, can a considerable increase of the inductance of the over- 
head (sonductor be expe(‘,ted over that calculated by the assump- 
tion of the gro\ind as perfect conductor. 


F. Mutual induction between circuits. 

51 . The mutual indiKdance between two circuits is the ratio 
of the (uirrent in one (nrcuit into the magnetic flux produced by 
this current and interlinked with the second circuit. That is, 


where <h ib the magnetic flux interlinked with the second circuit, 
which is i)rodu(XHl by current ii in the first circuit. 

* In the same manner as the self-inductance L, 

O jA- ^ 

i.hc nuitual iiuluotance between two circuits is 

(!alculat(‘(l ; while the (external) self-inductance cor- 

o B responds to the magnetic flux between the dis- 

tan(5(‘s r and s, the mutual inductance of a conductor 

^ upon a circuit ab corresponds to the magnetic flux 

“ ° produced l)y tlu^ conductor A and passing between 

Fig. 78. (liatances Aa and Ah, Fig. 73. 

Thus the mutual inductance between a circuit AB and a circuit 
ah is mutual inductances of A upon ab, 

/./ = 21og^ X10-«A, 
mutual inductance of B upon ab, 

L„" = 21og|~ XIO^A, 


hence mutual inductance between circuits AB and a6, 

Lm ~ Bm" Bm , 

where Aa, Ah, Ba, Bb are the distances between the respective 
conductors, as shown in Fig. 74. 
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If one or both circuits have ground return, tliey are replaced 
by the circuit of the overhead conductor and its image condu(;tor 
below ground, as discussed before. 

If the distance 1) l)etween the circuits 
AB and ab is great compared to the dis- 
tance S between the conductors of circuit 
ABj and the distance 6’ between tint con- 
ductors of circuit a6, and 0 = angle which 
the plane of circuit AB makes witli the 
distance D, ^ the corresponding angh^ of 
circuit abf as shown in Pig. 74, it is 
approximately 



S s 

Aa ^ D + r cos 0 + r cos 
A ja 

Ab ^ D + cos 0 — cos 
SI 

Ba = D — (;oa <^> + ^ cob ^jr, 


FiK. 74. 


Bb 


-S' 




(42) 


hence 


21og^ 


2 log 


(j) 4- ^ cos ~ I <'<>s <^ + 1 COB 'Sj 

(^D + ^ cos </) + 1 cos ~ cos </> — I cos 

( 




IP- 


= 2 


log 


;COS</> 


^ COS <^ + g cos 


COS 4- - |c08'»^\ 




lO-oft, 


D 

1 

log 


,-(! 


-^CO&<j> +^C08 


D 


hence by (18) 

fS s \* /S s V 

( cos ^ cos 1 - (•^cos-/. - ^cosV^j 


i« = 2 




X 10-^ A, 


10-»/i; 
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US 


thus 


Ijm — 


— 2 COS </> cos ^ , 


D2 


10-^ h. 


(43) 


For <;» = 90 degrees or ^ 90 degrees, Lm is a minimum, and 
the approximation (43) vanishes. 


G, Mutual capacity between circuits, 

52 . The mutual capacity between two circuits is the ratio of 
the voltages between the conductors of one circuit into the dielec- 
tric flux produced by this voltage between the conductors of the 
other circuit. That is 


where *^2 is the dielectric flux produced between the conductors 
of the second circuit by the voltage ci between the conductors of 
the first circuit. 

If c = voltage between conductors A and J5, the dielectric flux 
of conductor A is, by (30), 

= Ce = , (44) 

2vnogj^ 


where R is the radius of these conductors and S their distance 
from each other. 

This dielectric flux produces, by (32), between the distances Aa 
and Ah, the potential difference 




Aa 


( 45 ) 


and the dielectric flux of conductor B produces the potential 
difference 


2 . Ba . 

log^, 


(46) 


hence the total potential difference between a and b is 


e 


ff 


e' = 


K 


log 


AbBa. 

AaBb’ 


substituting (44) into (47), 


e , AbBa 


(47) 
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and the dielectric flux produced by the potential difference e'‘ 
between the conductors a and b is 


xp = 

^ m 


Ke 


logMogj^ 

hence the mutual capacity 


. AbBa 


C„ = 


AbBa 

21)2 log -log - 


ylog 


lOV, 


(48) 


or, by approximation (18), as in (43), 

kSh (ios <t> cos 

2 j[)2y21(,g t log ^ 


^ KiSa- cos </> COB 

.S' . *S 


(49) 


This value applies only if conductors A and B have the same 
voltage against ground, in opposite direction, as is the case if 
their neutral is grounded. 

If the voltages are different, Ci and 62 , where ei + 6% = 2 e, as 
for instance one conductor grounded : 


61 — 0, — 6 , 


(50) 


the dielectric fluxes of the two conductors are different, and that 
of is: Ci^; that of B is: 02 '^, where 


Cl 

c,=-, 

C2--, 


(51) 


and 


Cl + C 2 == 2, 

the equations (45) to (49) assume the forms: 


e = 


2i)2ci'^,. A a 

-7 

(52) 

2 Ba 
“7 

(53) 

2v‘<rt , Ba , Aal 

(54) 
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2v^ log ^ log 


2 2)2 log -log 


j jc,log|2-olog|?}l0-/ 


and l)y (42) : 


\ , Ba , Aa 

Iclog^-cxlog^^ 


B (H)s <j> — tS* cos 


- - i„g(i- -ScoB»+.,ost O 

- ( i„s(l * + _ iog(i +«i2iirp£l)| 

and trhis ^ivcs: 

(C 2 - Cl) ,s’ cos ir (ci + C 2 ) Bs cos 0 cos '>/r 
' /) "T (56) 


_j(,, _ „,)"»»++ fe + cO «i5|g-9!i(io./ 


2j) 2 log Mug 


and for ci = 0, and tluis ci = 0, C 2 = 2: 

>y KSCOS'^ \, , / 


W log- log ^ 


= 2 : 

, ( 57 ) 


( 58 ) 


Imxve very nm(4i larger than (49). However, equation (58) 
a|>pli(»H only, if tlu^ ground is at a distance very large compared 
witli l)^ as it do(‘H not consider the ground as the static return of 
tin* condu(d.or IL 


IL The ihree-phme cirmiL 

53 . Th(^ equations of the inductance and the capacity of a 
conductor 

/. = 2|log^-t-jjlO-2A, (26) 

C = — - — Wf 
2 D* log ^ 


( 37 ) 
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apply equally to the two-wire single-phtise dreuit, the single wire 
circuit with ground return, or the three-phaw! circuit. 

In the expression of the energy per <!ondu<!tor: 



Wd " 


Ce^ 

'T' 


(59) 


and of the inductance voltage e' and capacity current i', per 
conductor: 


e' ■> 2 rfLi, ) 
s* 2 irfCe, j 


(60) 


i is the current in the conductor, thus in a three-phase system the 
Y or star current, and e is the voltage per conductor, that is, the 
voltage from conductor to ground, which is one-half the voltage 

1 

between the conductors of a single-phase two-wire circuit, the 

V 3 

voltage between the conductors of a three-phase circuit (that is, 
it is the Y or star voltage), and is the voltage of the circuit in a 
conductor to ground, s is the distance between the conduc^tora, and 
is twice the distance from conductor to ground in a single (‘on- 
ductor with ground return.* 

If the conductors of a three-phase systcuu arc^ arrangcnl in a 
triangle, .s‘ is the same for all three (•onduetors; otluu’wisc' thc‘ 
different conductors hav(^ different values of s, and A B C 
the same conductor may hav(^ two difTercmt vahu's of ^ O o 
Sj for its two return (^ondiu^tors or phase's. 

For instance, in the (common arrange'ment of tlu' 
three-phase conductors above each other, or Ix'sidc' 
each other, as shown in Fig, 75, if s is the distamx^ 
between middle condiudor and outside condvK'tors, tlu^ 
distance between the two outside' conductors is 2 

The inductance of the middle conductor tlien is: 


oA 

OB 

oc 

Fig. 75, 


L-2|log--|-^|ia-«A. 


( 01 ) 


The inductance of each of the outside conductors is, with respec't 
to the middle conductor: 

See (liHCUssion in paragraph 50, 
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/v « 2| + (62) 

Witli ii> Uu‘ oiluT outsule conductor: 

2 J !<.«?? + lO”" A. (63) 

Thv indu(‘tunc{* (tl2) applii^H to the c()rn{K)nent of current, 
whicdi r(*tunis (^ver the* niidelle conductor, the inductance (63), 
wliich is liir|i:(*r, to tin* coinp<»nt*nt of curnnit winch retuniB over 
tin* other outsi<le coiidut‘(or. ThcHC two currents are 60 degrees 
displaced in phase* from eaeli other. Tin* inductance voltages, 
wliicli art* 90 di*gn*i*H alH*ad tin* current, tlnis also are 60 degrees 
displae<*cl fnnn <*a<*h <dh«*r. As tlu*y an* un(*(iual, tlieir resultant 
IS not 90 d(‘gret*H ah<*ad of tlie resultant currt'ut, l)ut more in the 
oiu*, li‘ss in the otht*r tmtshh* eonduetor. The induetaiUH^ voltage 
of tin* two outside comhu’tors thus cordaius an energy component, 
whi<*h is posit ive in t In* <me, negat iv<* in the other outside conductor. 
Tlitii is, a powt*r transfer hy mutual inductance oeeurs between 
the outHult* conductors of the thret^phast* {*ir(*uit arranged as in 
Fig. 75. Tlie inv«*stigation (»f this phenonicnon Is given by 
i\ M, Davis in the Elirirical Review and Western Electrician for 
April I, 1911, 

If tin* line eoinUn'tors an* transjKwed sufliciently often to average 
thi*ir irnlurianees, tin* induf*tai»ees of all three* eonduedors, and also 
their eaiiat*itii*s, fM*ecnne tHpml, and can l>e <*aleulated l)y using the 
nverage <if the three distfwief*8 s, 2n ladwwn the conductors, 

,| g 

that is, s, or more aeeuriitely. hy using the avenige of the log 

g 2s, 

log ^ and log , that is: 

2 li.K* 4- U>K*y 

L- L. (64) 

In the Slime iiiiiiiner, with any otlier configuration of the line 
eondiietors, in f»iise of transimsition the inductance and capacity 

«‘an he enlculateil liy using the average value of tln^ log ^ between 

the tliree eoinliietors. 

The eiileiilatioii of the mutual Induetance and mutual capacity 
between the tliree-phani^ circuit and a two-wire circuit is made 
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in the same manner as in equation (41), except that three terms 
appear, and the phases of the three currents have to be con- 
sidered. oA 

Thus, \i A, B,C are the three three-phase con- 
ductors, and a and h the conductors of the second 
circuit, as shown in Fig. 76, and if ii, %%, i» are 
the three currents, with their respective phase 
angles yi, yt, yz, and i the average current, 
denoting: 


b 

O 

Fig. 76. 


^ ^ '*'2 . ^ . 


conductor A gives: 


Aa 


LJ = 2 Cl cos (/3 - 70 log ^ 


conductor B: 


I/m" = 2 C 2 cos (/3 — 120“— 70 log 


conductor C: 


hence. 


Ba 
Bb’ 

LJ” = 2 cz cos (J3 - 240° - yz) log^ 5 


Im = 2 1 Cl cos - 70 ^ cos - 120° - 70 log , 

-f Cz cos 0 — 240° - yz) log ^ | lO"^ A, 


and in analogous manner the capacity Cm is derived. 

In these expressions, the trigonometric functions represent a 
rotation of the inductance combined with a pulsation. 
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stationary, see Stationary oscillations and standing wavesi 
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OSCILLATIONS, LINE 72 

OSCILLATIONS OF THE COMPOUND CIRCUIT 108 

Oscillatory transient of rotating field 36 

Oscillograms of arcing ground on transmission line 98 

continual oscillations 121-123 
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cumulative transformer oscillation 99 
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impulses in line and their reflection 106 

rmirrent oscillations 121, 122 
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Polyphase', alUnmator short circuit 

OHcullograms 

PowtT diagram of open (‘.ompoimd-circaiit transient 

closed compound-circuit transient 

dissipation constant 

of H(Md4on of (iompoimd circuit 

double-cauTgy transient 

ele(d,ri(^ 
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phase alternator short ciremit 41 

Quadrature relation of stationary wav<^ 88 

Quantity of electricity ^ 14 

Quarter-wave oscillation of linc^ 8 1 , 82 

Reactan(‘.e of alternator, synchronous and self-indu(div(^ 37 

Reaction, armature, of alternator 37 

Rea(dive iiower wave 88 

Recurrent oscillations. 120, 124 

Reflected wave at transition point 118 

Reflection at transition point 118 

Relation between (sapacity and induc.tanc.e of line 81 

standing anti travtding wavw 101 

Reluctance 18 

Reluctivity IH 

Resistance 18 

effective, of line transient 78 

Resistivity. 18 

Resolution into transient and pt^rmaiumt 30 

Rise of field currtmt at alternator short circuit 40 

Rotating field, transient 34 

Self-induction, e.m.f. of 12 

Separation of transient and permanetit 27, 30 
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Short-circuit of alt(n*nator, momentary 37 
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calculation... 44 
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Simple transient 4 

(‘quation 6 

Singing arc 122 

Singk'-phase alternator short (urcuit 45 

oscillogram 50 

short circuit of alternators 45 
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Standing waves 97 

originating from traveling waves 101 
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oscillation of line 80 

transmission line, oscillogram 76, 77 
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Stationary oscillation of open line 86 

see Line oscillation and Standing wave. 

Steepness of iron-clad transient 58 
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Step-by-step method of calculating transient of iron-clad circuit 53 
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Superposition of fields 129 
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Undamped oscillations 

Unidirectional energy transfc^r in transient 00 

Uniform power flow in traveling wave 92 

Unsymmetrical pulsation of field currcsnt at singk's-pluise alternator short 

circuit 49 


Varying frequency oscillation of transformer 04 

Velocity constant of line 78, 83 

relation between line capacity and inductance 81 

measure, calculation of (urcuit length 109 

of propagation of electric field 74, 138 

transient of ship J 

unit of length of lino B3 

of length in compound circuit 92 

Very high frequency traveling wave 104 

Voltage 
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at transition point of compound oscillation 117 

of single-energy magnetic transient 27 
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Wave front of impulse 195 
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